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Abstract 

Consider a nonlinear Schrodinger equation in R 3 whose linear part has three or more 
eigenvalues satisfying some resonance conditions. Solutions which are initially small in 
H 1 n L^R 3 ) and inside a neighborhood of the first excited state family arc shown to 
converge to either a first excited state or a ground state at time infinity. An essential 
part of our analysis is on the linear and nonlinear estimates near nonlinear excited 
states, around which the linearized operators have eigenvalues with nonzero real parts 
and their corresponding eigenfunctions are not uniformly localized in space. 
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1 Introduction 



Consider the nonlinear Schrodinger equation in R 3 , 

idttp = H i; + K\*l)\ 2 ip, i)\ t =o = ipo, (1-1) 

where Hq = —A + V is the linear Hamiltonian with a localized real potential V, k = ±1, 
and ip(t,x) : R x R 3 — >• C is the wave function. We often drop the x dependence and write 
tp(t). We assume V'o £ -H" 1 is localized, say ipo E L , so that its dispersive component decays 
rapidly under the evolution. For any solution ip(t) £ // 1 (IR 3 ) its L 2 -norm and energy 



m = J \\V^\ 2 + \V\M 2 + \^\Ux (1.2) 



are constant in t. The global well-posedness for small solutions in if 1 (R 3 ) can be proven 
using these conserved quantities no matter what the sign of k is. 

We assume that Hq has K + 1 simple eigenvalues eo < e± < ■■■ < ex{< 0) with 
normalized real eigenfunctions (f>f-, k = 0, 1, ... ,K, where K > 2. They are assumed to 
satisfy 

e < 2ei < 4e 2 , (1.3) 

and some generic conditions to be specified later. Through bifurcation around zero along 
these eigenfunctions, one obtains K + 1 families of nonlinear bound states Qk,n = + ^> 
/i = 0(n 3 ) and3 (/t, = for fe = 0, . . . , K, and n > sufficiently small, which solve the 
equation 

{-A + V)Q + k\Q\ 2 Q = EQ, (1.4) 

for some E = E^ n = + 0(n 2 ), see Lemma l2.1i They are real and decay exponentially 
at spatial infinity. Each of them gives an exact solution ip(t,x) = Q(x)e~ iEt of (|TT]) . The 
family Qo,n are called the nonlinear ground states while Qk,m k > 0, are called the k-th. 
nonlinear excited states. 

Our goal is to understand the long-time dynamics of the solutions at the presence of 
nonlinear bound states. The first question is the stability problem of nonlinear ground 
states. It is well-known that nonlinear ground states are orbitally stable in the sense that 
the difference 

JO 



m-Qo, n e» (1.5) 



inf 

n,6 

remains uniformly small for all time t if it is initially small. On the other hand, the difference 
is expected to approach zero locally since the majority of which is a dispersive wave that 
scatters to infinity. Hence one expects that it is asymptotically stable in the sense that 

\m-Q Mt) eim \\ L2 ^° (1-6) 

loc 

as t — > oo, for a suitable choice of n(t) and 6(t). Here ||-||r2 denotes a local L 2 norm, to 

loc 

be made precise in (11.16|) . One is also interested in how fast (11.61) converges and whether 
n(t) has a limit. 

The second question is the asymptotic problem of the solution when ?/>(0) is small but 
not close to ground states. It is delicate since nonlinear excited states stay there forever 



lr The L 2 inner product ( , ) is (/, g) = J R3 f g dx. For a function 4> £ L 2 , we denote by tf> the L 2 -subspace 
{geL 2 : (cf>,g) = 0}. 
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but are expected to be unstable from physical intuition. Thus, a solution may stay near an 
excited state for an extremely long time but then moves on and approaches another excited 
state. 

We now review the literature, assuming ipo is small in H 1 n L . 

If —A + V has only one bound state, i.e., with no excited states, the asymptotic stability 
of ground states is proved in \24\ 125] . with convergence rate i~ 3 / 2 . It is then shown in [20] 
that all solutions with small initial data, not necessarily near ground states, will locally 
converge to a ground state. 

Suppose — A + V has two bound states, the asymptotic stability of ground states is 
proved in [29], with a slower convergence rate i -1 / 2 due to the persistence of the excited 
state. The problem becomes more delicate when the initial data are away from ground 
states. It is proved in [31] that, near excited states, there is a finite co-dimensional manifold 
of initial data so that the corresponding solutions locally converge to excited states. Outside 
of a small wedge enclosing this manifold, all solutions exit the excited state neighborhood 
and relax to ground states [30]. It is further showed in [32] that for all small initial data 
in H l n L , there are exactly three types of asymptotic profiles: vacuum, excited states or 
ground states. The last problem is also considered in |27j . 

Suppose — A + V has three or more bound states. The asymptotic stability of ground 
states is proved in [28]. In fact, it is shown that all solutions with 

IWI^i £ ni i < KfaMl <1, 0<e<l, (1.7) 

relax to ground states. It ensures that the solution is away from excited states but allows 
the ground state component to be much smaller than other components. 

We also mention a few related results on the asymptotic stability of ground states of 
nonlinear Schrodinger equations with more general nonlinearities. For small solutions, one 
extension is to replace the resonance condition (jl.3p by weaker conditions, e.g. those by [9] 
and by [7]. Another extension is to assume ipo G H 1 without assuming ipo G L 1 . It is first 
proved in [11] for K = and dimension N = 3 and then extended by |18[ [19] for K = 
and TV = 1, 2. It is also extended by [7] for K > 1 with (I1.3P replaced by weaker conditions 
used by [9]. A third extension is to allow subcritical nonlinearity ±|-(/>| p-1 ^, p < 1 + 4/A r , 
see e.g. [14]. A fourth extension is to assume K = 1 and e\ has multiplicity, see |10[ 112]. 

The stability of large solitary waves is considered for K = 0, 1, by [2] [3] H] for N = 1 
and by [51 [6] for N = 3. 

See (IT] [22] [12] and their references for construction of stable manifolds similar to that 
in [31]. 

In this paper, our goal is to continue the study of [28] under the same assumptions, 
with initial data ipQ now inside a neighborhood of the first excited state Qi, n . This is the 
easiest interesting case not covered in [28J. Guided by the K = 1 case, one expects that the 
solution should either converge to a first excited state (with the ground state component 
always negligible), or leave the excited state neighborhood after some time (which may be 
extremely long, say greater than e e ™), and then relax to a ground state. 

The new difficulty of the K > 1 case is the existence of higher excited state components. 
If the solution is to converge to a first excited state with the ground state component always 
negligible, one can think that the ground state component is absent and the first excited 
state as a new ground state. Thus, in the K > 1 case the convergence to a first excited 
state is expected to be in the rate i -1 / 2 , much slower than i~ 3 / 2 in the K = 1 case. 
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When the difference is of order t 3 / 2 , one can use centered orthogonal coordinates as in 

MM, 



m = Q lMt) e m + h(t), h(t) = x (t)<p + £(i), £ e E c (^ ). 



li 



The equations of n(t) and contain linear terms in h. When xo(t) is negligible, these 
linear terms are of order i -3 / 2 and hence integrable in t, ensuring the convergence of the 
parameters. However, when K > 1, the difference is order t -1 / 2 and one cannot show 
the convergence of the parameters if their equations contain linear terms. To remove linear 
terms, one is forced to use linearized coordinates around the first excited state, to be specified 
later in %Q1 

We now describe a few special properties of the linearized operator around an excited 
state. When the function tp is close to a nonlinear bound state Q = Qm,n with corresponding 
frequency E = E m>n , one writes ip = (Q(x) + h(t, x))e~ lEt . The perturbation h(t, x) satisfies 



dth = Ch + nonlinear terms, 
where the linearized operator C around Q is given by 

Ch = -i {{H + kQ 2 ) h + kQ 2 h } , H = -A + V - E + kQ 2 . 



(1.9) 



(1.10) 



Note HQ = 0. Since C does not commute with i, it is not useful to consider its spectral 
properties. Instead one looks at its matrix version acting on [j^]: 





-H - 2kQ 2 



H 




Xll) 



The spectral property of L for m > is studied in [5T| and recalled in Proposition [2 
It is a perturbation of J(Hq — e m ) with J 



-1 



which has eigenvalues ±i(e/j — e m ), 



k = 0, . . . , K. When m > 0, k < m and e& < 2e m , the eigenvalues ±i(efc — e m ) are embedded 
in the continuous spectrum ±z [\e m \, oo). These embedded eigenvalues split into a quadruple 
of eigenvalues of L, ±Afc and ±Afc, with Im = |efc — e m \ +(9(n 2 ) and C~ l n A < Re < Cn 4 
(assuming the generic condition (|1.15p ). The size of their corresponding eigenvectors are 
roughl}0 

0{n 2 )_ 



L 2 (1) + 



(x) 



■1 



|x|<n _ 



(1.12) 



The second part is not localized; It is small in L°°nL 3 , of order 1 in L 2 , and of order n 6-12 / p 
in LP for p < 2. In particular, the projection onto the continuous spectral subspace 
of L is of order n 6 ~ 12 / p 3> 1 in L p for p < 2, giving an extra difficulty to the usual analysis. 
To overcome this difficulty, we prove decay estimates of the form (see Lemma l2.1ip 



LP 



< C p t 5 + p ( t )l \\<p\\ LP , , (t > 0) 



;i.i3) 



for 3 < p < 6, with constant C p independent of n. Here is an extended projection: 
It is the sum of P^ 1 and all projections onto eigenspaces whose corresponding eigenvalues 
have negative real parts. As shown in Remark (hi) after Lemma 12.111 these estimates with 



2 Denote (f) = (1 + |C| 2 ) 1/2 for £ € 
\\f\\ L 2 = \\(x) r f(x)\\ L2 . 



d > 1. For r G R, denote by L r the weighted L spaces with 
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n- independent constant are false if P? is replaced by P^. Also note that (| 1 . 13[) is time- 
direction sensitive: it is true only for t > 0. The decay exponent above is not as good as the 
usual free Schrodinger evolution, but it is sufficient for us if we take p < 6 close to 6. A side 
benefit of extending P c to P? is that we no longer need to track the component (P? — P c )h. 

Our assumptions on the operator Hq = —A + V are as follows: 
Assumption AO. Hq = —A + V acting on L 2 (]R 3 ) has K + 1 simple eigenvalues eo < e± < 
... < e% < 0, K > 2, with normalized real eigenvectors 4>q, . . . , 4>k- 

Assumption Al. V(x) is a real-valued function satisfying |V Q V(a;)| < (x)~ 5 ~ Sl for \a\ < 
3, for some s± > 0. is not an eigenvalue nor a resonance for Po- 
Assumption A2. Resonance condition. We assume that 

e < 2ei < 4e 2 . (1.14) 

We further assume that, for some small sq > 0, 

7o = inf lim Im (<j> m <j% , : P C H ° 4> m <t>l) > 0. 

o<m<i,|s|<s ( , r ^°+ V ~ A + »/ + e m - efc - - s - rz J 

m<k,l<K 

(1.15) 

Assumption A3. No-resonance condition (between eigenvalues). Let j max = 3. For all 

j = 2,... ,j max and for all k 1 , . . . , k j} h, . . . , lj G {0, . . . ,K}, if e fcl H \-e kj = e h H he^, 

then there is a permutation s of {1, . . . , j} such that (Zi, . . . , lj) = (k s i, . . . , k s j). 

Assumption Al ensure several estimates for linear Schrodinger evolution such as decay 
estimates and the W k ' p estimates for the wave operator Wh = limt-^oo e itH °e ttA . They are 
certainly not optimal. The main assumption in A2 is the condition e^-i < 2e^. It ensures 
that Hq + e m — ek — ei is not invertible in L 2 for m < k,l, and provides (for our cubic 
nonlinearity) the required resonance between eigenvalues through the continuous spectrum. 
Since the expression for 70 is quadratic, it is non-negative and 70 > holds generically. 
Assumption A3 is a condition to avoid direct resonance between the eigenvalues. It is 
trivial if K = 0, 1. It holds true generically and is often seen in dynamical systems of 
ODE's. If we relax the assumption (|1.14p . we may need to increase j max . 

Fix n > 10 large enough. We denote by L^ oc the local L p spaces given by the norm 



loc 



1/p 

(x)- pri \<t){x)\ p dx\ . (1.16) 



Now we are ready to state our main theorem. 

Theorem 1.1 Assume Assumptions AO- A3 and fix < 5 < j^. There are constants 
Cq,C\ > 0, and small iiq > such that the following hold. If n = {4>x,ipo) S (0,no) and 
||^o — ^lllifinL 1 — nl+<5 > then the solution ip(t) of (jl.ip with -0(0) = i[)q satisfies 



lim sup 

t— >oo 



m-Qm,n + e i9{t) , t 1/2 <C /n (1.17) 



LOC 



for m = or m = 1, for some n + E {C 1 1 n, C\n) and some 9(t) G C([0, 00), 
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In fact we have more detailed estimates of the solution for all time, see Propositions 14.21 
15.11 16.31 16.71 and 17.21 In particular, if the initial data ipo is placed in the neighborhood of an 
excited state Q m ,n with m > 2, even if K > 2, Propositions 14.21 15.11 16.31 16.71 show that the 
solution will either converge to Q m ,n + for some n+, or eventually exits the neighborhood, 
stays away from bound states for a time interval of order between re -4 log ^ and ra -4-25 , 
until it reaches the neighborhood of another bound state Qm'y, m! < m. If m! = 0, then 
Proposition 17.21 shows that ip{t) will converge to some Qo,n + - However, if m! > 0, our 
current analysis is not sufficient to control its evolution after this time. 

We now sketch the structure of our proof and this paper. 

In §2 we give the linear analysis, including the decay estimates (|1.13|) . 

In §3 we consider the decomposition of the solutions in different coordinates and the 
normal forms of their equations. 

In §4 we start with the solution in a n 1+<5 -neighborhood of Q\^ n and use linearized 
coordinates. We follow the evolution as long as the ground state component zq is negligible, 
characterized by |^o(^)| < ra~ 3 (n~ 4_2(5 + t) -1 . If it is always negligible, we prove that the 
solution converges to an excited state with convergence rate t~ l l 2 . 

In §5 we consider the case that |zo(£ c )| > re _3 (re _4_2<5 + t c ) _1 in a first time t c € [0, oo), 

— 1 / n 

which may be or extremely large, say > e e . After an initial layer, we show that po(^)| 
starts to grow exponentially with exponent Cn 4 until it reaches the size 2n 1+s at time t a . 
The time it takes, t Q — t c , is of order n~ 4 log j, . Along the way higher excited states 
may have size larger than |zo(i)| but can be controlled. This section is the most difficult 
part in the nonlinear analysis because it involves estimates not previously studied. 

In §6 we study the dynamics after t a when there are at least two components of size 
greater than 2n 1+<s , and change to orthogonal coordinates 

ip = x <l)o + ---+x K <t)K + £, £eE c (F ). (1.18) 

Although £(t ) is already non-localized, we can prove "outgoing estimates" for £,(t Q ), in- 
troduced in |30[ [32] , to capture the time-direction sensitive information of the dispersive 
waves. We show that, after a time of order between n _4 log - and ra -4-25 , the ground state 
component xq grows to order n while all other components become smaller than n 1+s . (This 
is called the transition regime.) 

In §7 the ground state component becomes dominant and we change to linearized coor- 
dinates around it. Again we need to keep track of out-going estimates during the coordinate 
change. We show that the solutions will converge to ground states with convergence rate 
£-1/2 The analysis is similar to §4 but easier because it has no unstable direction. (This is 
called the stabilization regime.) 

Analysis similar to §6 and §7 is done in [28], (and in the two-eigenvalue case near ground 
states in [3l [291 1301 H] ) • However, with weaker decay estimates like (|1.13p . we need more 
refined analysis. For example, since the nonlinearity is of constant order n 3 in the transition 
regime, we need to make this time interval as short as possible by taking 5 > small. We 
also take p < 6 close to 6 to minimize our loss in estimating the L p -norm of the dispersive 
component during this interval. 

New proof of linear decay estimates for ground states 

We end this introduction by noting that, our linear analysis, Lemmas 12.111 and 12. 13[ in the 
case m = 0, provide a new proof of linear estimates for the linearized operators around 
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ground states, which is used to prove the stability of ground states in 3D, see [5j |29l [28] . 
Proofs in these references either use the wave operator between L and —i(Ho — E), or use 
a similarity transform C = U{—iA)U~ l for some self-adjoint perturbation A of Hq — E 
and non-self-adjoint operator U. Our proof here use simple perturbation argument and 
requires less assumptions on the potential V. Moreover, this perturbation argument allows 
the operator V to be more general than a potential, as long as the decay and singular decay 
estimates for — A + V hold. 

2 Linear analysis 

In this section we will study various properties of the linearized operator around a fixed 
bound state, in particular an excited state. The starting point is the following lemma on 
the existence of nonlinear bound states and their basic properties. 

Lemma 2.1 (Nonlinear bound states) Assume Assumptions AO-Al. There exists a 
small n\ > such that for each k = 0, . . . ,K and n £ [0, n{\, there is a solution Qk,n £ 
H 2 n W 1 ' 1 of flUD with E = E Kn £ R such that 

Qk,n = n(/) k + q{n), (q,</> k )=0. (2.1) 

The pair (q,E) is unique in the class \\q\\ H 2 +\E — e k \ < n 2 . Moreover, \\q\\ H 2 nW i,i < n 3 
and \\-§^q\\ H 2 nW i,i + \E — e k \ < n 2 . \E — ej~ — Cn 2 \ < n A where C = kJ <j)\. We also denote 

-^M = W^Qk,n = Q^Qk,n/ Q^E k ^ n = 2^4>k + H 2 nW i,l (n) . 

In the following we fix m £ {0, . . . , K} and n £ [0, m]. Let Q = Q mjn , R = R m ,n and 
E = E m ^ n . The function Q satisfies HQ = where 

H = H -E + kQ 2 . (2.2) 

The following lemma collects useful properties of H. 

Lemma 2.2 Assume Assumptions AO-Al and let H be defined as in (j2.2[) . The operator 
H has K + 1 real eigenvalues e k = e& — e m + 0(n 2 ) with normalized eigenf unctions 4>k = 
4>k + 0{n 2 ). In particular, e m = and <j) m = CQ m . The projection to its continuous spectral 
subspace is P<r / = f — /)0fc- Furthermore, we have the following decay estimates 

\\e- itH P? <p\\ L9 < C|r 3/2+3/9 \\<P\\ L <> , (2 < q < oo), (2.3) 

and singular decay estimates: for sufficiently large t\ > 9/2, for < N < 3, for aj £ C 
with Imaj > 0, | Reaj + e m \ £ [01,02] C (0,oo), j < N, 

\\{x)-^ e- itH Uf =1 (H - a^P^W^ < C (t)^ 2 <p\\„ , (< > 0). (2.4) 

Here the constant C is independent of n, (p and ctj. 

Note that this lemma contains H = Hq as a special case with n = 0. The proof 
of the first part is well-known by perturbation. Estimate (|2.3|) is by Journe-Soffer-Sogge 
[To] . Estimate (pH)) for N = is by Jensen-Kato [E] and Rauch [2T]. Estimate ([Ojl for 
«! = ••• = a^v, N > 1, was first proven by Soffer-Weinstein |26] for Klein-Gordon equations, 
then by Tsai-Yau [29] and Cuccagna [6] for (linearized) Schrodinger equations. The general 
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case is similar and a proof based on Mourre estimate is sketched below for completeness. 
(See [6] for a different approach). 

Denote the dilation operator D = x ■ p + p ■ x with p = — iV, and the commutators 

ad° D {H) = H, ad^ +1 (F) = [ad k D {H),D], k>0. (2.5) 

Fix g* G C£°(M) with = 1 on [—1,1] and suppg* C (-2,2). For each j, let gj(t) = 
g*((t — Rezj)/e). If e > is sufficiently small, gj{H)a.d k D {H)gj{H) are bounded operators 
in L 2 for k < 3 and all j, and the Mourre estimate holds: For some 6 > 0, 

#(#)[^,I%(#)>%(#^ Vj. (2.6) 

See [8] . Thus the pair , L> satisfies the assumptions of the minimal velocity estimates in 
1131 and Theorem 2.4 of [23], and one has 



X (D < 0t/2)e~ UH gj (H) (D)- r ^\\ L2 ^ L2 < C (t) 



-ri+ei 



(2.7) 



where < s\ <C 1 and x{D < a) is the spectral projection of D associated to the interval 
(— oo,a\. The same argument of [26] then gives ([2? 



2.1 Linearized operator 

A perturbation solution ip(x,t) of (|l.ip of the exact solution Q(x)e~ lEt can be written in 
the form 

4>(M) = [Q(x) + h(x,t)]e- iEt (2.8) 
for some function h which is small in a suitable sense. Then, h satisfies 



dth = Ch + nonlinear terms, 
where the operator C is defined as 

Ch = -i{(H -E + 2nQ 2 )h + K Q 2 h}. 



(2.9) 
(2.10) 



The operator C is linear over R but not over C. As a result it is not useful to consider its 
spectral properties. 

Consider the injection from scalar functions to vector functions 



j : L 2 (R 3 ,C) -> L 2 {i 



Rc ip 
Im (p 



(2.11) 



With respect to this injection, the operator C is naturally extended to a matrix operator 
acting on L 2 (R 3 ,C 2 ) with the following form 



L_ 
-L+ 



where 



La 



H = Hq — E + kQ 2 , 

H + 2kQ 2 = H -E + 3kQ 2 . 



(2.12) 



We will use C = j 1 Lj for computations involving C. 

The space L 2 (R 3 ,C 2 ) is endowed with the natural inner product 



(/,<?) 



(fl9l + /232) 



for / 



and g = [ ^ ] . We will use the Pauli matrices 





"0 


f 




"0 -i" 




"1 " 


0"! = 


1 





, 0-2 = 


i 




-1 



(2.13) 



(2.14) 



8 



2.2 Invariant subspaces 

In this subsection we study the spectral subspaces of L. Since L is a perturbation of JH, 
we first give the following lemma for comparison. 

Lemma 2.3 (Invariant subspaces of JH) Assume Assumptions A0-A2. The space 
L 2 (IR 3 ,C 2 ) can be decomposed as the direct sum of J H -invariant subspaces 

l 2 (r 3 , c 2 ) = e • • • e e j k h e b j c h . (2.15) 

For each k £ {0, . . . ,K}, the space Ej^ is spanned by 2 eigenvectors [li] 4>k and [}]4>k 
with eigenvalues —iik and iet, respectively. Its corresponding orthogonal projection is 



'fx' 




"(0fc,/l)" 


J*. 




A4>k,f2). 



The subspace E^ has projection P^ H f 



P c H f 
P c H f 



The proof is straightforward and skipped. We next give the corresponding statements 
for L. 

Proposition 2.4 (Invariant subspaces of L) Assume Assumptions A0-A2. Fix m € 
{0, . . . , K} and n G (0,n\]. Let Q = Q m ,n, R = Rm,n and E = E m>n . The space L 2 (IR 3 ,C 2 ) 
can be decomposed as the direct sum of L-invariant subspaces 

l 2 (r 3 ,c 2 ) = E5 j e---eE^eEj\ (2.16) 

If f and g belong to different subspaces, then 

(a l f,g) = 0. (2.17) 

These subspaces and their corresponding projections satisfy the following. 

(i) E, 1 ^ is the 0-eigenspace spanned by [q] and [q], with L [q] = [[j] and L [^] = 
- [g]. Its projection is P m f = c m {a x [*] , /) [g]+c m (ai [$] , /) [*], c m = (Q,-R) -1 . 

(n,) E^ /or < < m ; if such k exists, is spanned by 4 eigenvectors = [-jjL]> $fc, 
0"3<I>fc and o"3$fc, wn£/i eigenvalues Xk, — A&, and —Xk, respectively. Here Xk = 
— i(ek — e m ) + 0(n 2 ), n 4 < ReA^ < n 4 , u^,- and ^ are complex-valued functions, 
Uk = u£ + and i>fe = — , with 

4 = <Pk + LTr (n 2 ), u - = (H-i\ k )- 1 4>t + Lrr (n 2 ) (2.18) 

where 4>% = P^4>% = ^£^( n2 )- Furthermore, (uk,Vk) = and (uk,vi) = (n^,^) = 

2^ |L,-|| <r ^2 



rr 



fork^t. All {uk,Vk), \\ u k\\ L 2 and \\u k \\ L2 are equal to l + 0(n ) and ||u fe || l2 < 
The projection to E^ is P^ + Pj; where 

Pkf = Cfe(oi$ fe , + c fe (ai$ fe , /)3> fc , 

-Pfe/ = -Cfc(crio- 3 $ fc , /)o- 3 $ fc - c fc (o-io- 3 $ fc , /)cr 3 $ fc , 

and c k = (ai^fc, ^fc)" 1 = */(/ 2n fe t; fc ) = i/2 + 0(n 2 ). 

(mj E^ /or m < k < K, if such k exists, is spanned by 2 eigenvectors <3?fc = [_"£.] and 
$k with eigenvalues Xk and Xk, respectively. Here M B iXk = — e m + 0(n 2 ), Uk and 
Vk are real-valued, both equal to 4>k + OL°°(n 2 ), and normalized by (uk,Vk) = 1. /is 
projection is Pk, also given by (|2.19[) . mi/i = i/2. 
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(iv) = {g : (ai/,<7) = 0,V/ € E fc ,VA: = 0,...,Jf}. lis projection is P C L / = / - 

Note that A& is in the first quadrant and near the imaginary axis for k < m, and in the 
lower imaginary axis for k > m. They are all perturbations of — ie~k of Lemma 12.31 When 
k < m, —ie~k are inside the continuous spectrum ±i[|J3 m |, oo) and their resonance make the 
eigenvalues split. 



0"3*fc, -A* 



? > m i A-i 



Figure 1: Spectrum of L around Q m , < m < K. 



Proof. The same proof of [31|, Theorem 2.2] works in our many eigenvalue case. The only 
thing we need to check is the properties of ut and when k < m. Fix k < m. Denote 
by IT the orthogonal projection from I? onto {feQm} 1 , and B = 2kQ^. We omit the 
subscript k below. By the defining equations £ m & = A<3? and <& = [_*o], u satisfies 

(H 2 + HB)u = -X 2 u. (2.20) 

By the same proof for the two-eigenvalue case in [3T1 section 2.1] (in which II = Pf), u can 
be solved in the form 

u = 4> + h, h = Uh = -(H 2 + UHBU + X 2 )~ 1 UHB4>. (2.21) 

One can rewrite 

h = (H 2 + A 2 )" 1 ^, ^ = n^ = [1 + UHBU(H 2 + X 2 y 1 r 1 UHB4>. (2.22) 

By resolvent estimates and a power series expansion as in [31] , the function \E' is localized 
and \\^\\ L 2 < Cn 2 . Since v = (i\)^ 1 (H + B)u, we have = T^(H =F z + B)u with 
z = iX = |efc — e m \ + 0{n 2 ). For u + , 

u + = - — (H - z)d> - —(H + zy 1 ^ - —Bu. (2.23) 

2z K >y 2z y ' 2z y ' 
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The first term is equal to (1 + 0(n 2 ))(f>. Since (H + z) 1 n is order one, the remaining two 
terms are Ol^(?t. 2 ), and so is — tp. This shows u + = 4> + Ol^{ji 2 ). For 

u- = ±-(H + z)4> + ^-(H - z)- 1 * + ^-Bu. (2.24) 



??■ 



2^ 



The first term is 0(n 2 )4>. Since (if - (II - P,f)* are sum of eigenfunctions with 0{ 
coefficients, we get (ETTSl) with <j>* k = ^Pf^ = L ™(n 2 ). 

The orthogonality (u,v) = is equivalent to (o"i$,$) = (aia^, $) = 0, which follow 
from the general fact shown in [3H §2.6] that 

(<ri/, 9 ) = if L/ = A/, L 5 = W , and A ^ /x. (2.25) 

It also follows from (|2.25j) that {u k ,vi>) = (uk,ve) = for fe / £. That ||u + || L2 = 1 + 0(n 2 ) 
and || u~ H^a < n 2 follow from (f2"T8j) . Note 

ioc 

= (<0,u) = (u + + u~,u + -u~~) = (u + ,u + ) - (u~,u~) + (u~,u + ) - (u + ,u~). (2.26) 

Since the last two terms are 0(n 2 ), we get || 11^,2 — H^Hi^ = 0(n 2 ). Finally 

(u, v) = (u + + u~ ,u + — u~) = (u + ,u + ) — (u~ ,u~) + (u~, u + ) — {u + , u~). (2.27) 

We have (u~,u + ) — (u + ,u~) = 0(n 2 ). By f|2. 18j) we also have (denoting ok = 0(n )) 

(«",«-) = ((H - z)~m, (H - Z )-Vfc) + °* = (# - z)- 2 4>l) + ok = ok (2.28) 

by the singular decay estimate of Lemma 12.21 with t = 0. Thus (uk,Vk) = 1 + 0(n 2 ). 
Similarly, (u^vg) = 0{n 2 ) for k / I. □ 

In the following lemma we provide more properties of u^. 

Lemma 2.5 Assume the same as in Proposition \2.J\ and fix k < m. Then 

(i) \\u k \\ LP < C p (n 2 + n e ~) for 1 < p < oo, in particular \\u^\\ l2 <Cn 2 . 

(ii) \\e~ isH P^u^\\ 2 + \\e- isHo pH° u -\\ 2 < Cn 2 (s)" 3/2 for s > 0. 

— 7' — 7' 

(Hi) \\ u k\\m - c - 

Proof. Denote z = i\k and ip = 4>%- For (i), it suffices to check (H — z)" 1 ^, the main part 
of in ([27T8|> . Write H - z = -A + v 2 + V\ where Vi = F + i/ 2 = £ m + z with 

Imz/ > 0. Thus \va.v ~ +n 4 . By resolvent expansion, 

(H - z)~V = (-A - v 2 Y V + (-A - z/ 2 )- 1 ^^ - js)"V (2-29) 

Since the resolvent (—A — v 2 )~ l has the convolution kernel G(x) = (4-7r|x|)~ 1 exp(iz/|x|), 

||(-A - v 2 )-\\\ LP < \\G * <p\\„ < (\\G\\ LPm + ||G|| i2(Bi) ) • IMLw (2.30) 

which is bounded by {n A ~ l2 / p + 1) • n 2 . Since \\V X (H - «)~V|Li n £a ~ II ~ V|| L 2 £ 
n 2 , we have the same bound for the second term. The above show (i). 

For (ii), we only need to consider e~ tsH ° P^°u~^ since the other term follows from Lemma 
By resolvent expansion R = (H — z)~ l = Rq{\ + kQ^R) where Ro = (Hq — E m — z)^ 1 , 

P c Ho u- = iW + L ~(n 2 ), ^ = P C H °(1 + KQ 2 m R)<p = L ~(n 2 ). (2.31) 



11 



Thus 

e -isH 0p H 0u - = e -isH 0R()ip > + (n 2 ( s )-3/2)_ ( 2 33) 



— r 



By the singular decay estimate for Hq, the first term is also of order L 2 (n 2 (s) 3 ^ 2 ). 

To prove (iii), it suffices to prove that ||Vv|| x a = O(l) where v = (H - z)~ X ip. It can be 
shown by multiplying the equation (H — z)v = ip by v and then integrating it on R 3 . □ 

We will need the following lemmas for scalar functions. 



Lemma 2.6 Fix 0<k<K,ky^m. Let ip £ L 2 (M 3 , C) be a scalar function. 

(i) P k [ip] = Rea&k, 3~ l Pk,Yp] = cra + + au~ , where 

a = 2c k (a 1 ^ k , [ip]) = -2c k i[(u£ , ip) - {u~,ip)}. (2.33) 

(ii) P k <p = iff 0i$ fc , [(p\) = iff (u%,(p) = (%,<p). 

(iii) For k < m, P\tp = iff (cricr 3 $ fc , [ip]) = iff <p) = (i^, 9?). 

Proof. Write [tp] = Since [ip] is real, we have by (|2.19p that P k [p] = Rea& k with 

a = 2c k (ai& k , [ip]). Omitting the subscript k, we have 

Oi<J>fc, M) = (iv, tpi) + («, ip 2 ) = {u + - u~, -iipi) + (u + + it - , ip 2 ) = -i{u + , ip) + i(u~,<p), 
which gives the formula for a. Thus 



u 

-iv 



— {(au + au) + i(—iav + iav)} = au + + au . (2.34) 



The claim (ii) follows from (i). For (iii), since 0-30-10-3 = — 01, {a\a^ k , [ip]) = is equivalent 
to = (<7i$fc,<7 3 [<p]) = (cri<J>fc, [<£]) and hence to (u^tp) = (u^,(p). □ 

The following lemma will be used to treat the linear term in the r/ equation. 
Lemma 2.7 (i) For k < m, 

J$ k = i$ k -2i[} i ]u+. (2.35) 
fit; /// G L 2 (M 3 ,C 2 ) and P k f = 0, then \\P k Jf\\ L 2 < \\f\\ L 2 . 

—r 

Proof. For (i), rewrite 

^=[-\} = [-i]4 + i 1 i^k- (2-36) 

Applying J 

J* fc = -i[2i]4+i[J]«fc. (2.37) 

Canceling we get (|2.35j) . 

For (ii), we have (a\^ k ,f) = (ai<& k ,f) = 0. Using J* = - J, Joi = -a x J, and (|2.35p . 

((rii fc , J/) = -( Ja^,, /) = ((TiJifc, /) = (ax(-ii fe + 2i [ J ]«+),/) = (2i [ * ]«+ /). 

(2.38) 

Similarly (<7i$ fc , J/) = (2i [ J x ] u+, /). This shows (ii). □ 
Note, in deriving (|2.35p if we cancel instead of uZ, we get 

J$ k = -i$ k + 2i[\]uj;. (2.39) 
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2.3 Decay estimate 

In the following two subsections we prove decay estimates for e* L with the constant inde- 
pendent of n. This independence is essential for our analysis of the nonlinear dynamics both 
inside a neighborhood of an excited and away from bound states. For example, it ensures 
that the time spent traveling between bound states is no longer than 0(n~ 4 ~ 2<5 ). 

This independence cannot be achieved if we restrict ourselves of E c , the continuous 
spectral subspace, because the projection P C L as an operator acting on L 1 is of order 0(n~ 6 ) 
due to the presence of uZ- Suppose F is the total nonlinearity in the equation of the 
perturbation h. Our choice of parameters a(t) and 9{t) makes P m F = 0, but does not make 
F 6 E c . To avoid the large constant problem, we absorb the range of Pjj, k < m, which have 
exponential decay, into E c . The range of P& for k < m, which have exponential growth, is 
left out and will be taken care of using the evolution with correct time direction. 

Define E| as the direct sum of E^ and eigenspaces whose eigenvalues have negative real 
parts 

E| = E^ span c {CT 3 $fc, a 3 $ k ■ < k < m}. (2.40) 
Its corresponding projection is denoted as 

K 

P|/ = P c L /+^P|(/) = /-P d /, P d / = ^P fc (/). (2.41) 

k<m k=0 

We extend the definition of P? to scalar functions by P\p = j _1 P|[</?], and similarly for 
Pd- If a scalar function <p satisfies [ip] 6 Ej, then (a"i$fc, [</?]) = for all k. 
The next lemma is on the uniform bound of H -norm of e tL P?v? for t > 0. 

Lemma 2.8 For any scalar function ip G H 1 we have 

<C\\p\\ Hl , (t>0), (2.42) 

H 

where the constant C is independent of n and t > 0. 
Proof. From (|2.4ip and (|2.19p . we have 



; * l p c V 



e* L P c V = e' L P c L (^ - [cfe(aia 3 $ fc) p)e^ kt a^ k + c^a^k, p)e^ Xkt a^ k \ . (2.43) 

k<m 



By Lemma EH we have ||$fc||#i = Oil) for all k < m. From this and ReA^ > for all 
k < m, we can find a constant C > independent of n such that 



h1 < He^Vll^+CII^. (2.44) 



Moreover, by following the proof of [3H (2.6)], we see that there exists a constant C inde- 
pendent of n such that 



e 



tL P^p\\ Hl <C\\P^\\ Hl . (2.45) 

Again, since H^fcH^i = 0(1) for all k, we also have ||pk<^|| < C \\p\\ H i for some constant 
C which is independent of n. From this, (|2.44p . and (|2.45p . Lemma 12.81 follows. □ 
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Lemma 2.9 If a scalar function r/ satisfies [rj\ 6 E|, then 

3r loc < * 



k<m 



Proof Write rf = P^rj and 



rj - rf = (1 - Pc)n = Y^ki^, v)<i>k 



(2.46) 



(2.47) 



For k > m, \ (4>k,i])\ < ok where ok denotes 0(n 2 \\rj\\ L 2 ). For k < m, by Lemma 12.61 (ii). 



l k ,rj) + ok = (ut,v) = ( u k > = K > »/) + K ' V ~ »/)■ 



(2.48) 



Since \\u k II , 2 < n 2 , 

loc 



(u k ,r)- if) = Ej=oK » ^v^j) = ok. (2.49) 

The above show the lemma. □ 
The following lemma provides decay estimates for e~ ltH uJ . 

Lemma 2.10 Let be the self-adjoint realization of —A on L 2 (R 3 ). Let V be a localized 
real potential so that i?* + V satisfies the decay and singular decay estimates ()2.3p and (12. 4p . 
Let < n< n <C I, a > 0, and z = a + n 4 i. Let ip(t) = n 2 (H* + V- z)~ l e - u ( H *+ v ^ P c g 
with \\g\\ L i < 1 and P c = P^* +v . Then for all p e (3, oo], m = \ - ^ € [0, 1/2], 

| ii. < t" m (l + t)-"*-^"*.!/*), v* > 0. (2.50) 



Above the p-dependent constant is uniform in a € [01,02] C (0, 00) and independent oft 
and n. 

Proof. The case V = is postponed to Subsection 12.41 For general H = H* + V, by 
resolvent expansion and Duhamel's formula, 

tp(t) = n 2 {H* - z)- l e- itH *P c g + n 2 {H* - z)~ l f e- i{t - s)H *Ve~ isk P c g 

Jo 

+ n 2 (H* - z)- l V{H - z)~ 1 e~ itk P c g. 

Denote a p (t) := r ra (l+t)- ro - min ( m ' 1 / 4 ). By the estimate for H*, ([13]), flM}, and the proof 
for Lemma 12.51 (i), the above is bounded by 

h(t)\\L» £ * P (t) + f 5p(< - «) («)" 3/2 d« + ^ • (*)" 3/2 S (2-51) 
■/ 

□ 

The following is the main result of this subsection. 
Lemma 2.11 (Decay estimate) For any scalar function Lp £ L 9 / 8 n L 3 / 2 , 



e^PM 



L x +L 2 

For 3 < p < 6 and any scalar function tp £ L p , 



< Caoo(i) ||<^|| i9 /8 ni 3/2 , (t>0). 



e* L P|M Lp < C p a p (t) y\\ LP , , (t > 0). 



Above the constants are independent of n and if, anc 



aoo(t) := t^ 2 (t)" 2 / 3 , a p (t) := H+f <i>* 



(2.52) 

(2.53) 
(2.54) 
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Remark, (i) For (|2.52j) we could have chosen <p G L q n L 3 / 2 , < q < §. Then a^i) = 
i" 1 / 2 (t)~ s , with s = 3/q — 2 6 (1/2, 3/4] by the same proof. The exponent g = ^| gives the 
optimal decay rate that Lemma 12.101 provides for e~ ttH P c u~ . However, when we estimate 

| nil q OQ \\'S0 

II 7 ? Wli ~ II^IIl 2 IMIlp> we prefer a larger g. For convenience we choose q = 9/8. 

(ii) Suppose we keep q = j| with aoo(i) = i -1 / 2 (t) -3 ^ 4 , and estimate H^H^^/n ^ 

II 1 1 3—30 n 1 1 30 s- f±\ i 11 , ^ a 

IMIl 2 IMIlp ~ a oo{t), we need < p < 6. 

(iii) These estimates are false if Pj is replaced by P c . Suppose the contrary, then they 
would be also true if Pj is replaced by Pj = Pj — P c . Consider the case m = 1 and ip = <fto 
the eo-eigenfunction of — A + V. Then 



e* L P>] 



LP 



— cn 4 t ll,„ll 
~ e > ll^lliP' 



(2.55) 



However the former is not bounded by Ct k for all t > 0, for any k > and C independent 
of n. 

Proof. Denote r/(i) = e* L P|[c^] and r/ = P^ H r/. Lemma 12.91 implies 

WvWx < h'\\ x + Ek<J<*kM x = l™ + L 2 . 



(2.56) 



Denote L = JH + W\ with W\ 



o o 

-2«Q 2 n 



. By Duhamel's formula, 



/(*) = e tJH Pl H p\[ip\ + f P^ H e^ JH Wi V (s) da. (2.57) 



By Lemma 12.61 (i), 



(2.58) 



where Zj £ C are bounded by for any q < 2. Using (|2.18|) for j < m in particular 



It : 



J * \\ r ^ J. «J ^ v ^ J. 

(H — iAj) _1 0* +Oi^(n 2 ), ImiAj ~ n 4 , and by Lemma [2.2l (with p = 9,3) and Lemma 



EDS (with p = oo),' 



b'(*)|| x <a(*)IMIy + / (i- S )" 3/2 n 2 h( S )|| x d S . 

J o 

where a(t) = i -1 / 2 (i)~ 2//3 and Y = L 9 / 8 n L 3 / 2 . By the same reasons, 



^(fr-iA fc rV) + o(n 2 ||7,'|| x 



(2.59) 



(2.60) 



and 



|(0j;,(fl--iA fc rV)|^n 2 ||(fl'-*A fc )-V|L a <n 2 - RHS of (E39D. (2.61) 

Zoc 



Summing the estimates, we get ||?7(i)||x < RHS of (|2.59p . which implies f|2.52|) . 

The estimate (I2.53P is proved similarly with X = L p , Y = L p and a(t) = a p (t) 

c(ap(t),r 3 (3-?>). 



max 



□ 
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2.4 Decay estimate for free evolution with resonant data 



In this subsection we prove Lemma 12.101 for H* = —A, i.e. decay estimate for ip{t) = 
n 2 (H* — z)~ 1 e~ tH * g where z = a + n^i, a ~ 1, and g £ L 1 . The operator (H* — z)~ 1 e~' ltH * 
has symbol (£ 2 — z)~ l e~ lt ^ and thus its Green's function G is radial and, for r = \x\, 



G(r,i) = (2vr)"M - z)^e 



-i e -it P 2 



M=i 



e ipruil dS(co)p 2 dp 



(2vr)- 3 / (p 2 - 2 )-i e -V47r^^p 2 dp 



4vr 2 



tf-z)- 1 e- itp e irp pdp. 



It is well known that G(r, 0) = j^e 1 ^". We are not aware of an explicit formula for 
G(r, t). Because for 3 < p < oo we have 



y(t)\\ LP = \\n 2 G(t) * g\\ Lp < n 2 \\G(t)\\ LP \\g\\ Ll < n 2 \\G(t)f£- 11^)11^ 
estimate (|2.50p follows from (|2.64p of the following lemma. 



9\\lA 



(2.62) 



Lemma 2.12 Let be the self-adjoint realization of —A on L 2 (1R 3 ). Let G(x,t) be the 
Green's function of the operator (H* — z)~ l e~ ltH * where z is the same as in Lemma \2. 1 (K 
Then G(x,t) = G(\x\,t) and 



\G(r,t)\<{ 



-1/2 



n 4 r + r 1 / 2 + (t — r) + ' 
^ min(t- 1 / 2 (l + t)- 1 , r _1 ), 



r > 1, , 

' 100' 



1 < r < 



t 



(2.63) 



100 

r < 1. 



In particular, 



\\G(;t)\\L~ <t-V 2 (l+t)-V2(i + n 4 t i/2 r i ; || G (, t )|| < L 



(2.64) 



Proof. We may assume a = 1/4. The general case follows from change of variables and is 
uniform for a E [ax, 0,2]- Introduce a regularizing factor e~ Sp and write (p 2 — z)~ l as a time 
integral (using Re z > 0) 



G(r, i) = lim 



1 



5->o + 47r 2 r 
lim 



-itp —Sp —is 



(p 2 -z)+irp dspdp 



00 . 2 



<5->o+ 47r 2 r J 
Using f m e~ p2 dp = ^/tt and 



-ia(p-£-) 



2q > pdp ds, a = s + t — id. 



(2.65) 



-ia{p-0)'- 



pdp 



-™(P-P? p dp = p I e - iap2 dp = P{ia)- l/2 ^, 



(2.66) 
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we get 



G(r,t) = lim -1- f°° e isz+ ^ ^(iaT^yftds 



i poo . 2 

i_ / e ^+4(^( s + t )-3/2 ds 
/2 V2 Jo 

e^s-^ds, (2.67) 



8vr 3 / 2 V» Jo 
1 



8vr3/2 ^ _/ t 
where the phase $ is 

2 2 2 

*(r,s) = «-t* + ^ I $ s = ^-^, *« = ^a- (2-68) 

Note z = j + n 4 i, <5 S vanishes at s = r/(2^/z) ~ r, and Rei<I> < for s > t. 
First note 

poo 

\G(r,t)\< J s-*/ 2 ds = Ct- 1 / 2 , 



(2.69) 



which is valid for all r > and t > 0. We will use a stationary phase argument to get 
a better estimate. The main contribution should come from / = r(l — /x, 1 + fi) where 
< /x < w iU be chosen. Comparing (I2.69P and (I2.70P below, it is clear we do not get a 
better estimate unless fi is small. 
We first consider the case r > 1. 

Suppose t G I. The contribution from s£ (t, r + /Ur) is bounded by 

^-3/2^ < / r -3/2 ds < -l/2_ (2 7Q) 



The contribution from (r + fir, oo) is, with t% = r + /ir, 



(■ oo 



I />oo 1 1 

e i *s-V 2 ds= a s ( e ^)_L s -3/ 2(is= i i* s - 3 /2| / e i$ Jd (271) 



where 

For s > ti, we have |$ s | ~ n 4 + (s-r)/r and |$ ss | < s -1 . Thus |J| < ( | <E> S | 1 + |$ s |" 2 )s" 5 ' /2 , 
and the boundary term is bounded by 

I J_ i* -3/2, | < 1 t -3/2 < ^~ 3/2 f2 73) 

Decompose (ti, oo) = (ti, lOOr) U (lOOr, oo). On (ti, lOOr), we have 

100r plOOr r 2-5/2 r -l/ 2 r ~3/2 

e ** Jds l £ / T^T-T ^ £ = T7 — " ( 2 - 74 ) 

L Vt x ( n r + s — r) z n^r + 1\ — r + jjl 

For s > lOOr, we have |$ s | > 1 and 

/■oo 

e** Jds| < / s- 5 / 2 ds < r" 3 / 2 . (2.75) 

100r JlOOr 
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We now choose fx < ^ so that fir l l 2 ~ T n i+ ■ If r > 1, we can choose fi = x / 2 (l + 
n 8 r) _1//2 and get for t/r € (1 — fi, 1 + fi) 

|G(r,t)l< 4 r '\ /2 . (2.76) 

If t € (r+//r, lOOr), we can take ii = t in the above estimates and ignore the contribution 
from (|2.70p to get the bound for r > 1 

\G(r,t)\< /"'f (2.77) 

If t > lOOr, we can replace lOOr by t in (|2.75)) and ignore the contribution from p. 7011 
and (|2.74[) to get (also true for r < 1), 

\G{r,t)\<rV\ (2.78) 

If t E (j^Q,r — fir) and r > 1, the additional contribution from s € (t,r — fj,r) is estimated 
as in (pTTT]) - (f27?ll) with ti = r - fir and lOOr replaced by r/100, and bounded by (pT?) . 
which is smaller than (|2.76p for r > 1. 

If t G (0, jgg), we have |$ s | ~ r 2 s~ 2 and |$ sa | ~ r 2 s~ 3 for s € (i, ^j). The additional 
contribution from s E (t, ^q) is estimated as in (|2.7ip - (|2.74p and bounded by 



r -2 s l/2 



r/100 W100 

+ / r- 2 8-V 2 d8 < r~ 3 / 2 (2.79) 



which is smaller than (|2.76p for r > 1. 

We now consider the case r < 1. Let a > be a small number to be chosen. The 
contribution from s > max(i, ar) is bounded by 

| / j*8- 3 / 2 l 8>t d8\ < | / s'^ds] = Ciar)" 1 ' 2 . (2.80) 

Jar Jar 

If £ < ar, we have | <J> s | 1 ~ r~ 2 s 2 , |$ ss |/|$ s | < s" 1 , and the contribution from s < ar is 

f«r r i "1 s=ar 

/ e i * S - 3 /2 ds= _L e * s -3/2 + / e i* Jd (2gl) 

A L«*« \s=t Jt 

which is bounded by 

r- 2 {arf/ 2 . (2.82) 

We want (ar)" 1 / 2 ~ r _2 (ar) 1//2 and we can choose a = y^, which gives r~ 1 bound for 
r < 1. 

In conclusion, we have proved (|2.63p for all r > and t > 0. □ 

Remark, (i) Lemma [2.10l for the free case can be considered an estimate of (/, n 2 G{t)g). If 
(|2.63p cannot be improved, then Lemma 12. 101 cannot be improved, even if assuming further 
that one of f,g is in L 2 (but not both). To see it, let g be the characteristic function of 
the unit ball. Note \I\ ~ fir 3> 1 for r> 1, thus (n 2 Gg)(r,t) has the optimal size at r ~ t. 
Since translation does not change the L 1 n L 2 -norm of /, we can put the support of / at 
r ~ t, showing the optimality of Lemma 12.101 
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(ii) Although the real part of the phase, e _n4 ( s -*) 5 j s decaying, it does not seem to 
improve our estimate. In the case t ~ r ~ n~ 8 , we have |/| ~ fj,r ~ n -4 and the es- 
timate (|2.70p does not improve because of the factor e~ n ( s ~*\ in view of the identity 

(iii) Since |Im$ s | ~ \s — r\/r < u for s G I, e** almost has no oscillation on / if 
u 2 r ~ [x- \I\ <C 1. Thus, if n = er~ 1//2 with < e <C 1, then the upper bound in (12.70|) is also 

. 3/2 3/2 

a lower bound. In the case f~r> e _2 n~ 8 , we have fi <C n 4 and /ir -1 / 2 S> r n4 ~ . 
Thus ()2.63p is optimal in this case. 



2.5 Singular decay estimate 

We will need to identify the main part of 



v (t) = / e { - t -^ c Ple- ias f{s)ds 



(2.83) 



where a £ C with Ima > and f(s) is an L 2 -valued function of s with / smaller than / in 
a suitable sense. We will rewrite it in matrix form in order to integrate by parts. Using 



Re <p 
Im ip 



Re^fi,] , 



(2.84) 



and denoting R = (L + ia) , we have 

T7(t) = jT 1 ^! re ( *- s)L Ree- iQS /(s) [i<] 
./o 

= r 1 P|Re(-i? e --V(*)[- 1 i ] 

+ e' L P/(0) [ ij ] + jf e (*" s ) L ii e - ia 7(s) [ i ] da) . (2.85) 
To estimate the last two terms, we need the following lemma. 

Lemma 2.13 (Singular decay estimate) There is a constant C > independent of a € 
C with Ima > 0, n € [0, no], and vector function \& £ L 2 so f/mt 



j^Ree^CL + ia) - ^!* < C (t) _3/2 ||*|| i2 , (i > 0). 



IOC 



(2.86) 



Proof. Denote by rj the scalar function to be estimated, rj(t) = j 1 Re e^-RPjxP, and 
r/ = P^rj. Lemma 12.91 implies 



Mb -IKII^ +Efe<mlK» ,? ? / ) 

ioc loc 



(2.87) 



Denote L = JH + Wi with Wi 



o o 

-2nQ 2 m 



i? = (L + ia)~ l and Pq = (^ + ia)' 1 . By 



Duhamel's formula and resolvent expansion, 

rj'(t) = P^r 1 Re (e tJH R (l + Wii?)P c % + J e^^W^s) ds\ . (2. 
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Denote the first term on the right side by rj[(t). Using = VP — ^2 k Pk(^), 
7,1 (t) = j 1 Ree tJH R P c JH (* - E k /^) + *i) , 
where *i = P C JH [- £ fe>m -Pfc* + Wi#Pj#] is localized with 



L2 <" 2 11*11^1 ■ 

loc 



Note that 



„tJH 



cos(tH) sin(tH) 
- sin(tiJ) cos (iff) 



£ = ±1 



Jetff 1 



5 (I -ie J), 



(J£f + ia)^ 1 = (# 2 - a 2 ) _1 (- Ji? + ia), 



and 



Li: 



(2.89) 

(2.90) 

(2.91) 
(2.92) 
(2.93) 

(2.94) 

(2.95) 
(2.96) 



(I — ieJ){—JH + ia) = —ei(H — ea)(I — eiJ). 
We conclude, for Rq = (JH + ia) , 

e tJH R = e i£tH {H + ea)- 1 =f{I -eiJ). 

s=±l 

By (I2TMD . (I2T90D . Lemma [221 and Ima > 0, 

\\ 3 - 1 R C e tJH R P c JH (* + *i)|| i2 < (t)- 3/2 | 

For k < m, note 

(I + i J)$ fc = 2u+ (I + i J)$ fe = 2u" [ i, 

Using (|2.94|) and writing P fe \I> = a&k + &^fc> we have 

Ree tJH R P k y = Re^2 £=±1 e i£tH (H + ea)' 1 =§^(1 - eiJ)P k ^ 

= Ree- itH {(H- a)~ 1 i(au + + bu~) + {H + a)' 1 i{bu + + u~ )} [ij . 

By flZBU, 

j 1 Ree tJH i? P fc ^ = e' ltH {{H - a) _1 i(au + + 6u~) + (# + a) -1 i(6u + + an")} . (2.97) 
Note Im(-a) = Ima > 0. By Lemma O and (j27l8|) . 

H^V 1 Ree^EoP^H^ < n 2 (t)^ 3/2 ||*|| i2 . 

loc 

Thus 

loc r Jq loc 

On the other hand, for j < m, by (|2.18p again, 

\(uj,r,')\ = (if - iAj-rV) + 0(n 2 ||r7'||^ 2 ). 

Note ImiAj > 0. By Lemma 12.21 and the previous decomposition of r/, 

|($, (H - fXjr^'m < n 2 \\(H - iAjO-VLa £ ^ • RHS of flZM]) 



(2.98) 
(2.99) 

(2.100) 

(2.101) 

By (|2.87p and summing the estimates, we get 11^(^)11^2 < RHS of (|2.99p . which implies 

loc 

the lemma. □ 



20 



2.6 Upper and lower spectral projections 



In this subsection we prove various estimates for the spectral projections IT-|- which are 
defined in (|2. 104j) and corresponds to ±Imz > \E\ in the spectrum of L. In particular, 
Lemma 12.161 allows us to replace P? by P± = Pj ILj- in Lemmas 12.111 and 12.131 

Decompose L = JA + W 2 = JH + Wi where A = -A + \E\, W 2 = J(V + kQ 2 ) + Wi, and 

Let R(z) = (L - z)~\ R {z) = {J A - z)^ 1 and R^z) = (JH - z)" 1 



-2kQ 2 



be their resolvents. Note Rq(z) can be decomposed as 

-i 



-z A 
-A -z 



R (z) = (JA-z)- 1 = 

= (A-iz)- 1 M + (A + iz)- 1 M, M 



{A 2 + z 2 )- 1 
1 



A 



i -1 
1 i 



(2.102) 



R\(z) has a similar formula with A replaced by H. 

Let r c ± be contours about the upper and lower continuous spectra £± = ±[|J5|i, +ooi), 
respectively. For an eigenvalue A of L, let Y\ be a small circle centered at A with radius 
~ n 4 . All contours are oriented clockwise and do not intersect. Let P* = / r R{z)dz, 

* = c±, A, be their corresponding spectral projections. Decompose P| as the sum of its 
upper and lower half plane components: 



Pl = P + +P^ 
Also denote 



p± = p c± + p L± , p L . 



A fc ' 



Pl- 



k<m 



k<m 



u ± = p ± + p r± , p R+ = ^p Xk , p^ = E p A fc - 



(2.103) 



(2.104) 



k<m 



k<m 



Note P± = P?n ± . 
Let 

5o = 



- min{|ex|, |e fc - e k -i\ : 1 < k < K}, t = -eK - e r 



(2.105) 



Note Im Aat < tq — 6q < to + 5o < 

We collect a few estimates for Rq(z) and P(z). 



Lemma 2.14 Let = {±i(efc — e m ) : < k < K}, s > \ and 1 < p < oo. We have 



\Ro(z)\\ L2 . Ll <C(z)~^ 2 , z^il 



\Rdz) 



+ \\R(z)\\ 



2 < C(z) - 

1 



-1/2 



z iR, dist(z,cr°) > S , 



||P(^)|| L 2^ L 2_ s < Cn 4 , < |Rez| < -7o™ 4 , dist(z,<r£) < $0, 



(2.106) 



\Ro(z)\\ LP _, LP + ||Pi(^)|| lp ^ L p + \\R{z)\\ LP ^ LP < C p {< 



Im z\ 



Above e, p = /or p > 1 and < £\ -C 1, and t/ie constants are uniform in n € [0, no]. 

Proof. The first estimate is by the scalar case proved in [1] Remark 2 in Appendix A] and 
by (|2.102|) . The second estimate is valid if R(z) is replaced by R\(z) = (JH — z) , which 
is by the scalar case proved in [151 Theorem 9.2] and by (|2. 102|) with A replaced by H. It 
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is true for R(z) using the resolvent series R(z) = Ri(z)^2^ =0 [WiRi(z)] k and the fact W\ 
is a small localized matrix potential. The third estimate is proved in |31| Lemma 2.5]. 

The last estimate for Rq{z) is by the scalar case proved in [61 Lemma 7.4] and by (12.1021) . 
It is true for R\(z) because ||(iJ — ^) _1 || iP _vrp ^ (z)~ 1+£p for |Imz| = To, which follows 
from 



(H - z)- 1 / = (H- z)~ l P c f + (H- «)- 1 EL)(^. f)fa 

= W -i( A _ z y l WPJ + Ek=o(ek ~ z)~\fa, f)fa 



K (2-107) 



where W is the wave operator between H and A and fa are normalized eigenfunctions 
of H with eigenvalues e^. Finally, the estimate for R(z) follows from the resolvent series 

■*oo r 
/fe=0l 



R(z) = Ri(z) ET=ol W i R i(z)] k again. □ 



Lemma 2.15 Let K± = ILj-(J=F i), initially defined from L 2 S to L?_ s , s > 1. For any 
1 < P < <Z < oo, i/iere is a constant c so that \\K±u\\ < c \\u\\ for any u G n 

This is clear for the reference self-adjoint operator J A, for which = 0. 
Proof. Recall i? is decomposed in (12.1020 . and MJ = -iM and MJ = %M. As z ap- 
proaches S + = [|i£|«,+ooi), the upper continuous spectrum of A, the resolvent (A + 
is unbounded, and we write 

R Q (z)J - iR (z) = -2iM{A-iz)~ l , (z ~ £+)■ (2.108) 

Note right side is bounded. Similarly, as z approaches £_ = — £+, we write 

R (z)J + iR (z) = 2iM(A + iz)~ 1 , (z ~ £_). (2.109) 

We now prove the bound for The case of if_ is similar. Let T = T c+ U T p and 
T p = Ufc< m (rA fe U r_0. By spectral projection formula and resolvent expansion, 

n+ = -L / fl(*)cfe = -L Al + i? (z)^o + 22o(«)Wbi2(-?)Wb]^o(2)d«- (2.110) 
2vn 7 r 2t™ J r 

By (I2J08D . 

n+(J-i) = — / [l+i?o^)I^o+i?o^)W"o J R(z)Wo]M(A-iz)- 1 dz = E:o+-^i+-^2. (2.111) 

The above sum is well-defined as operators from l? s to L?_ s . 

Note that Kq is zero since (A — iz)^ 1 is regular inside T and the rest of the integrand 
of Kq does not depend on z. 

For Ki, the integral over T c + is bounded from L q to L p by Lemma 7.6 of Cuccagna [C2] 
using Coifman-Mcycr multi- linear estimates. The integral over T p is also bounded from L q 
to LP since 

! \\R (z)W M(A-izr 1 \\ Lq ^ LP \dz\ 

p (2.112) 
<[ WM^WLP^LpWiA-iz)- 1 ^^ < [ n~ 4 .l<l. 
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For K2, the integrand is analytic in z and has enough decay in B(L 2 — > L_ s ) in \z\ by 
Lemma [2.14i Thus we can change the contour to T\ = M. + tqi, By Lemma [2.14| H-K^H^g^LP 
is bounded by 

/ \\Ro(*)\\lp->lp ■ ■ \\Ro(z)\\ Lq ^ Lq \dz\ < C. (2.113) 

Summing the estimates we get the lemma. □ 

Lemma 2.16 The projection operators H± are bounded from L? s to L_ s , s > 1, and from 
LP to LP for any 1 < p < 00. 

Proof. From the definition of K± in Lemma |2.15| we have 

K+ = U+(J-i), K_ = (l-n+-n )(J + i), (2.114) 
where IIq = ^2j >m Pj is bounded in LP . Thus 

n+ = % -[k+ + l<. - (1 - n )(J + »)], (2.115) 

where shows n + is bounded in LP for p < 00 by Lemma 12.151 Similarly H_ and are 
bounded in LP for p < 00. The boundedness of II ± in L°° follows from that of LTj_ in L 1 
and duality. □ 
As a corollary, Lemmas 12.111 and 12.131 hold with Pj replaced by P± since P± = PcTl± ■ 

2.7 Fermi Golden Rule 

In this subsection we prove Corollary 12.201 which gives the key resonance coefficients in the 
normal form equations in Lemmas 13.71 and 13.81 
For any k 7^ m, recall (12.36P that 

®k = + [!]%• ( 2 - 116 ) 

From (|2.18[) . we introduce and $7 which satisfy the equation Q k = + <3?^ where 
is localized and 

<S>- = [\](H-a k )- 1 $* k , <S>+=[l t ]cp k + L 2(n 2 ), (2.117) 

Note that (jf k = O^in 2 ) is defined in (|2.18p and a k = i\ k = \e k — e m \+0(n 2 ) with Im.a k > 0. 
Moreover, since $> k = 3>jJ~ + $7^ , from (|2.19p . we see that for all function / G L 2 (R 2 ,C 2 ) 

Pkf = Cfc(CTiife, + c fc (ai«> fc , /)$+ + qfe(<7i$ fc , + c fc (o-i$ fe , /)$", 

(W/ = c fc (* fc) + c fc ($ fc , + cfc($ fc , + c k ^ k , f)ai^. 

Since ^ is localized and $7/ = L 2 (n 2 ), it follows from Lemma 12.31 and (|2.118p that for 



loc 



all function / such with ||/||^a = 0(5) 

(P k - Pi H )f = 0(n 2 5)$ k + 0(n 2 5)<b k + 0(5)^ + 0(5)^ + Ll (n 2 5) 

(P k - Pi H ff = 0{n 2 5)a^ k + 0(n 2 5)a^ k + 0(5)a^ k + 0{S)a^l + L 2{n 2 8). 

(2.119) 
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Throughout this subsection, let ui and e be two fixed numbers such that 

u±Im\ k = 0(1) 7^0, 0<e<l. (2.120) 

Let a = — ioj + e and 

R=(L-a)~ 1 , R = {JH -a)" 1 . (2.121) 

Note that we have 

R = R + R WR + RqWRWRo, (2.122) 
where W is a localized potential which is of order ||(J|| 2 . 

Lemma 2.17 For any k ^ m, there exist C > independent of e and n such that 

\\Ro*k\\ L 2 , \\Ro*k\\ L 2 , ||(i?o)Vi$-|| 2 , ||(i2o)Vi^|| 2 <Cn 2 . (2.123) 

loc loc loc loc 

Proof. We write 

(2.124) 



-a -H 
H -a 



R = ( JH - a)^ 1 = (H 2 + a 2 )" 1 
Then, it follows that 

R ^ = [-'] (H + ia)-\H-a k )-m 

R ^ = [\}(H- iaY l (H - a k )- l f k 

r i -, 1 1 - (2.125) 

(RoTo-i®, =[li] (H + iay^H-ak)- 1 ^, 

(RoTo-i^ = []](H- iay\H - a fc )"Vfc- 

Since Re a > and Im(a k ) > and (j)* k £ (3^2 (n 2 ), our claim follows. □ 

Lemma 2.18 There exists C > suc/i that for any function f,g £ L 2 (M 2 ,C 2 ) f,g = 
L 2(n): 

\(f, (L - a)" 1 ^ - P c ^) 5 )| < Cn 4 , 

Proof. Since the proof of both estimates in (12. 126ft are similar, we shall only prove the first 
estimate of (12.1261) . From (12.1191) . we have 

K 

{Pi - P J c H )g = ^{0(n 3 )d> fc + 0(n 3 )$ fc + 0(n)$r + 0(n)^} + L? (n 3 ). (2.127) 

k=0 

Since L<£fc = Afc$fc and X k — a, X k — a are all non-zero order one, we get 

U,PtR{Pl - P c JH )g) = 0(n 4 ) + {f,PlR[0{n)<S>- + 0(n)«§r]). (2.128) 

By similarity, we only need to show that |(/, PcR^ k )\ < Cn 3 . Let g = [W R +W RW R ]<S> k . 
By LemmaEHl \\g\\ L 2 < Cn 4 . Then, using (l2~T22l) . (I2TT8D and LemmaETTl we have 

| (/, PtR$- k )\ = \((Pl)*f,R $ k - + R g) | 

< \((P d )*f,Ro$ k ) + ((R y(P d )*f,g)\ + Cn 3 

K 



< C{n £ |((ri*7,i2o*fc)| +n ]T |( ffl *7, 22o*fc)| + n 3 } ( 2 .129) 

K K 

< C{n \(<ri$j,Ro$ k )\+nJ2 \(*i*J, ^o**)l + « 3 } 
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Note that from (12.1170 and (12.1251) . we get 

(<Tx*J,Ro*k)\ < Cn\ (a^j,R ^) = 0. 
So, from (|2.129j) . we obtain 

\\(f,PtR^)\\<Cn 3 . 
This completes the proof of Lemma 12.181 

Corollary 2.19 For any function f,g £ L 2 (]R 2 ,C 2 ) with f,g = L 2(n), we have 



(/, P|(L - a)- 1 Pig) = (f, P C JH ° (J(H - E) - a^P^g) + 0( 



n 



(2.130) 



(2.131) 

□ 



(2.132) 



Proof. Using (|2.122p and Lemma |2.18| we have 

(f, p l( L - &)~ lp h) = (f,P c JH (JH-ar 1 P c JH g) + 0(n*). (2.133) 

Now, since that H-(H -E) = kQ 2 = 0(n 2 ) and P- JH - P^ JH ° = L 2(n 2 ), we can use the 
same method as in Lemma l2.18l to obtain 

(/,P|(L - a)" 1 P^g) = (f,P c JH °(J(H - E) - a^P^g) + 0(n 4 ). (2.134) 

This completes the proof of Corollary 12.191 □ 

Corollary 2.20 Let f,g€ L 2 (R 3 ,C) be a localized real functions of order n and let f\ = 
[ \ ] f and g\ = [ \ ] /. We then have 

([},] /, (L - a)' 1 Pi [\]g) = -2(f,P?°(H -E- ia^P^g) + 0{n% 



([ \ } /, (L - ay 1 Pi [ 7] g) = -2(/, P C H °(H -E + ia y l P^g) + 0(n 4 ), 



(2.135) 



([j]f,(L-ay 1 Pl[l]g)=0(n i ), 
([} t ]f,(L-ay 1 Pl[-*}g)=0(n*). 
Proof. By Corollary 12.191 we have 
([},] f,(l,-ay l Pl[\)g) = ([},] f,P c JH ^J(H -E)-ay 1 P c JH - [j] 5 ) + 0(n 4 ). (2.136) 



On the other hand, 



( J(H — E) — ay l P^ [i]g = (H -E + a 2 )' X P^ 



[H n - E-ia) 



—a 

Hn — E 



Pc°9- 



-(H -E) 
—a 



_(H -E- ia)~ 1 _ 

So, the first identity of our corollary follows. Similarly, we can prove all of the last three 
identities of the corollary. □ 



3 Equations and main terms 

In our analysis we use different coordinate systems. When the solution is away from bound 
states, we use the orthogonal coordinates (11.180 . i.e., we decompose the solution as a sum of 
different spectral components with respect to —A + V. When the solution is near a nonlinear 
bound state, we use the linearized coordinates (|3.17p . i.e., decomposition with respect to 
the corresponding linearized operator instead. In subsection 13. II we recall the equations and 
normal forms in orthogonal coordinates from |28j . The rest of this section is devoted to 
analysis in linearized coordinates. We will not use centered orthogonal coordinates (|1.8|) . 
which is also mentioned in SI. 
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3.1 Orthogonal coordinates 

Let to be a fixed initial time. For t > to we may decompose the solution with respect to Hq 

K 



as 



lf>(t) =^2xj(t)<j>3+^ £ G Hc(Ho), v t > t . 
3=0 

Then for t > to, as in \28\ Section 4] we have 

ixj = ejXj + (<pj,G), (j = 0, . . . ,K), 
idtZ = Hot + P C H °G, G := k^. 

Let 





K 


2 




K 


G 3 :=k 








= K x l x m%j<t>l<t>m(f>j 




3=0 






l,m,j=0 



We then decompose £ as (for details, see [281 Section 4]) 

£(t) = ^ 2 \t) + £j 3) (t) + ef (*) + • • • + ef (*), v * > t , 

where 

£ (2) W := xix m x 3 (t)^ lm , with 

I,m,J=0 



(in 



-k lim [H - ei - e m + ej - ri] 1 P^°<j) m (l)i(fr j , 

r— >0+ 



and, with Uj(t) = e l£jt Xj(t) which have less oscillation than Xj(t), 

g)( t ) := e- iH ^- to k(t ), (t) := - e - iff °(*-*>>£( 2 )(t ) 

#>(*):=- r e^'Mif. £ e 

^ 3) (t) := / e-^-'^r^G - G 3 - < 2 £)ds 
./to 

Jt 

We recall the following two lemmas from [28]: 



(3.1) 



(3.2) 



(3.3) 



(3.4) 



(3.5) 



(3.6) 



Lemma 3.1 (Lemma 4.1 |28j) Letp,p' such that 4 < p < 6, (p) l + (p') 1 = 1. Suppose 
that for a fixed time t > to and for < n < no <C 1, we /iaue 

max|x i (t)|<2n, nLP < 2n, ||£(t)|| i2 « 1. (3.7) 

XTien /or Uj(t) = e ze ^Xj(t), 

l|G|| iL + "f*!"*! ~ n3 and H G " Gs " ^HlW ~ n2 ll^liL • (3.8) 
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Lemma 3.2 (Lemma 4.2 |28j) Let p,Uj be as in Lemma \3.1\ Suppose that for some 
< n < no and for some t > to, 

max\xj(t)\ < 2n, ||f(t)|| L 2 nLP < 2n and ||£(f)|| L2 < a < 1. (3.9) 

j loc 

Then, there are perturbations Pj(t) ofuj(t), j G /, such that 

K K 
= X^NVj + X] d afcl^lVb|Vj (3-10) 



Z=0 a,fe=0 



and 



\uj(t) - ^{t)\ <n 3 
\9j 



(t)\<n 7 + n 2 ^ +nU\\% + H^F UK? ■ 

Lf loc ^loc 

loc 



Moreover, all of the coefficients cj and d J ab are of order one. The coefficients cj are all 
purely imaginary and 

with 5 b a = 1 if a = b and 5^ = if a ^ b, and 



Rad*=(2-**)7i-2(2-a})7« (3.12) 



~/ l ab = k 2 Im {<t> a <k<l>i, (Ho -e a -e b + ei - iO+^Pf Mbfa) , V a,b,l G I. (3.13) 

By the resonance condition Assumption (A2), the number ^y l ab > and it is positive if 
and only if I < a, b. 

3.2 Linearized coordinates 

When the solution ip lies in a, neighborhood of ctn excited state Q — Qm,ni 

m £ J, it is 

natural to decompose ip — Q into invariant subspaces of the linearized operator around Q, 
see Lemma 12.41 The collection of these components is called the linearized coordinates. 

Lemma 3.3 There are small positive constants no and £3 such that the following hold. 
Suppose \\ip\\ H i < n satisfies \\ip - (ip,(f>m)<i>m\\ L 2 < £3! (ip, 4>m)\ ■ 

(i) For any < n < no, there exist unique a, 8 6R such that 

1p — [Qrn,n 

+ ai? m , n + h]e w , (3.14) 
where Q m ,n and R m ,n cire given by Lemma \2.1\ P m h = 0, and \n~ 1 a\ + \\h\\ Hl < e^n. 

(ii) There exist unique n(ip) G (0, no) and S £ R such that a = 0. Moreover, if tp is 
decomposed as in (i) with respect to another n, then 

n(,p) = n+^- + 0(n 3 ), C = n f <f> 4 m . (3.15) 

(iii) Ifip is decomposed as in (i) with respect to n\ and n2 with \\hj\\ < p < e^n, \aj\ < Cp 2 , 
and |ni — n2| < n~ l p 2 , then 

C(n\ - n 2 2 ) + ai - a 2 = 0(p\n\ - n 2 |). (3.16) 
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The proof of Lemma 13.31 is similar to those for [291 Lemmas 2.1-2.4]. 
By Lemma 13.31 when ip(t) is a sufficiently small neighborhood of an excited state Q = 
Q m ,n, there is a unique choice of real a(t) and 6(t) so that 

V>(t) = [Q + a(t)R + h(t)]e- iEt+i6 W , P m h{t) = 0. (3.17) 
Here R = R m ,n and E = E m ^ n . We can further decompose 

h = t + V, C=^Cfe, 1^4 (3.18) 

where, for each k ^ m, 

Ck := J~ 1 Re(z k ® k ) = z k u\ + z k u k ~, := -(u k ±v k ). (3.19) 

Substituting (|3.17p into (j 1 . 1 j) and using CiQ = and CR = —iQ, we get 

d t h - Ch = F h = r l (F + 6(Q + aR + h)) - aiQ - aR, (3.20) 

where 

F = KQ(2\h a \ 2 + h 2 a ) + K\h a \ 2 h a , h a = aR + h. (3.21) 
We choose 9 and d so that P m F h = 0. Thus F h = (1 - P m )i~ l (F + 6{aR + /i)) and 
(a = (c m Q,lm(F + 6h)), 

\ e = F e = - [a + {c m R, Re F)] • [1 + {c m R, R)a + (c m R, Re h)] ~ x . 
Taking Pj of (I3T20]) . we get 

5 t 7 ? -£r ? = P|r 1 (F + ^(ai? + /i)). (3.23) 
Note z fc = 2c fc (o-il> A ., [h]). Taking 2c fc (cri$ fc , [•]) of (I3.2U|) . k ^ m, we get 

4 - A fc z fc = Z fe := 2c fc ( C j 1 l> fc , [F h ]). (3.24) 
A direct computation using ([236]) showal 

Z k = -2c fc {(n+ F) + (n^,F)+ [(«+ h) + (t£,7i) + (« fc , R)a] o} . (3.25) 

Let := — ImAfc and let p k (t) = z k (t)e luJkt . We have 

p k = (Re\ k ) Pk + e^ kt Z k . (3.26) 

Also, for any k ^ m, let r/% := e~ Xkt z k , we have, 

r fc = e" Afc %. (3.27) 

Note that = p k for all > m and r& = e~^ e ^ Xk ^ t p k for k < m. We shall use in 
computing the normal form for the equation of a. 

Definition 3.1 Denote I = {0, 1, • • • ,K}, F = {0*,1*,--- ,K*}. For all m £ I, let 

I>m = {m + 1, • • • ,K}, I <m = {0, • • • ,m - 1}, I m = I \ {m}, F m = F \ {m*} and 
tt m := I m U F m . For j £ I m , let 

\j* = Xj, ojj* = —LOj, Zj* = Zj, rj* = fj, pj* = pj, up = up, and vp, = vp. 

(3.28) 

It then follows that for all j € Q m , we have Zj(t) = e~ luJjt pj(t) and rj = e~ Xjt Zj. 



Note — 2ck ~ —i which is the coefficient of [281 page 242, line 5]. 
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3.3 Decomposition of a 

Recall a = (c m Q, Im(F + Oh)). Let F x := kQ(2|C| 2 + C 2 ), A^ := c m (<9, ImFi) and ^ := 
c m(Q)I rn (-^ 1 — i*i + Oh)). Then, we have d = + A^l We shall impose the boundary 
condition of a at t = T, which is in fact the condition imposed on the choice of E = E(T). 
Hence, we have 

a(t) = a(T) + J [A^(s) + A^{s)]ds. (3.29) 

Recall that 

C = ^2 Ck, Ck = z k ul + z k iq. (3.30) 

Therefore, 

ImCfcO = ^a[i z kZi){ul uf - u^uj) + [z k zi)(uluj - u k uf)]. (3.31) 

Let 

a M ,i := Kc m (Q 2 ,u£ul - u^uj), a k i t2 = Kc m (Q 2 ,uluJ - u^uf). (3.32) 

Note that a k \\,a k i2 = 0(n 2 ), a k i\,a k i2 are real if both k,l > m, and a kk 2 are purely 
imaginary. In particular a kk) 2 = if k > m. We have 

(Q 2 ,Im ^2 CfcCz)= Im ^2 i a kl,i z kZi + a k ^ 2 z k zi} 

k,lel m k,lel m (3.33) 

= & (*)+Im(4 2) ), 

where ^ 

bo(t) = ^2 b k\zk\ 2 , 6ofc := Ima fcfc ,2, b (t) := b (s)ds, (3.34) 

^1 := a kl,l z k z l + XI a kl,2 z kZl- (3.35) 

Note |6ofe| < n 2 ||% IIl 2 = ^( n4 ) f° r k < mby Lemmas 12.41 and 12.51 

loc 

We shall integrate by parts. Note that for all \ k + \i = —i(uj k + toi) + 0(n 4 ) and 
Afc + A/ = — i(oj k — uj{) + 0(n 4 ). Therefore, \ k + \i = 0(1) for all k,l G I m andA^ + A; = 0(1) 
for all k, I 6 I m and k ^ I. We then write 

fc,ze/ m k^i 
a k Li 



2 



4(^^)-e (Afe+Ai) *4(^n) 

dV ' dV ' 



(3.36) 



Now, define 



a (2) (t):=Im V] - — ^-z^ + linV- — f^rZk z l 
fc,T^ m Afc + A ' Afc + A * 

k,l€l m k^l k 1 



(3.37) 
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We shall get 



Im(4 2) ) = j/ 2) {t) - A 2>rm (t). (3.38) 



So, we have = ^a (2) (t) + b (t) - A 2 , rm (i). Therefore, 

a(t) = a {2) (t) + b(t), (3.39) 

where b(t) satisfies 

b = b + c m (Q,lm(F-F 1 + 9h))-A 2)rm , b(T) = a(T) - a® (T) . (3.40) 

Moreover, let a ktj3 := 2a klA (X k + Xi)- 1 and a HA := 2a k i :2 (X k + Xi)~ 1 . Since a k i A and a k ^ 2 are 
of order n 2 , so are a k i 3 and a k i 4. Moreover, a k i 3, a^/, 4 are purely imaginary for h^l G I^>rn- 
Using (|3.27p . a^i = a Jfc| i and a fc ; i2 = -a/fc,2, we obtain 

^2,™ = Im ^ au,zZkZl + Im^a fe ; )4 ^fc^. (3.41) 

It worths noting that the benefits from using r k instead of p k in (|3.37p is that we do not 
have terms of order zz k for k G I <m in (|3.4ip . This is very essential in the normal forms. 

3.4 Decomposition of 77 

We shall single out the main terms in 77. Recall from (|3,23p that 

d t 7] -Cr] = Pli~ 1 {F + 9{aR + C + rj)). (3.42) 
In the vector form, we have 

dt[rj\ = Lfo] + HJOM + P U\{F + KaR + C))]- (3-43) 

We first deal with the non- localized linear term J0[rf\ using Lemma l2.15l following Buslaev- 
Perelman [3], also see [UE]Q We need to revise their original statement and proof to take 
care of eigenvalues near the continuous spectrum. 

Recall P± are defined in subsection 12.61 Taking projection P± of (|3.43p . and using 

P ± J T iP ± = P±(P±Jt iP±) = P±[K ± - (Pr±Jt iPR±)} = P±K±, (3.44) 

we get 

d t P±[v] = LRfcfo] ± iOP±[rj\ + P±K±8[ V } + P±J[(F + 6{aR + ())]. (3.45) 

Denote 

V±-=e Tie P±[7]]. (3.46) 

We have 

9tV± = Lr l± + e Tl9 P± \K±0M + J[(F + 6{aR + ())]] . (3.47) 



4 The term iQr\ is not a problem in [29] in which £ is factorized in the form C = U~ 1 JAU for some 
scalar self-adjoint operator A. Such factorization does not exist for linearized operators near excited states. 
In [31], the term i9rj is removed by introducing 77 = P\e l6 r\ and using Strichartz estimates to control the 
(small) commutator term. This last method is not suitable for L p -decay approach since the commutator 
term, although smaller, has the same decay rate as r\ itself. The approach of Buslaev-Perelman has the 
further benefit of being applicable to large soliton case. 
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Recall that = (z k <fr k + z k & k )/2. Note the term P±J9[C] is not localized. However, 
by formula (|2.35p 



P^ k = P^' k , PlJ$ k = Pl$ k & k =[-J$]u+ 
and note & k is localized. Thus we can rewrite the linear terms in (|3.4Tj) as 

F L± := e^ 9 6 {K ± [r,\ + J[aR] + T, je iJ*j*j + . 
where all functions are localized, and (|3.47p becomes 

dtV± = L% + P± [e TW J[F] + F L± . 
In other words, for some to > and for all t > to, we have 

V±(t) = e L{t - to) V ±(to) + f e L ^P ± {e^ e J[F] + F L± }(s)ds. 

J to 

We will decompose rj± as follows. Denote 

.(3) 



(3.48) 



(3.49) 



(3.50) 



(3.51) 



Ji 



(3.52) 



Then, we have 



V±(t) = +V ( ±4t) + [ t e^ t -^P ± {e^ e J[F 1 ]}(s)ds. (3.53) 

J to 

We shall integrate the last term in (|3.53p . Recall that F\ = kQ(2|£| 2 + Q 2 ) is the main term 
in F with 



c=£a=£ 



z k u k +z k u k ), ul = <j) k + L 2{n ), u k =0 L 2 a {n 



(3.54) 



So, 



i 7 ! = £ -FfczN^z + 2z k zi] + ^ F k iz k z u F kt = nQ(j) k <j)i, F kl = L ™(n 3 ). (3.55) 



In other words, we can write 



F% = K Z k Zl$ k l, 



(3.56) 



for some localized functions which can be computed explicitly. In particular, Re 
O(n) and Im$ fci = 0(n 3 ) for all k,l £ O m . 

To integrate P±e =F * e J[Fi] in r/-|- equation, we want to integrate terms of the form 



I±(t) 



3 (t— s)L — io)s 



e — s P±f(s)ds, 



(3.57) 



to 
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where w£l, /(s) G L 2 (M 3 ,C 2 ) and f(s) decays faster than /. We re-write I± as 

I ± (t) = e* L f e- s ^ +i ^P±f{s)ds. (3.58) 
Jt 

Denote R = lim e _5>o+(L + iuj — e) . Integration by parts gives 

I ± (t) = -e~ iujt RP ± f{t) + e {t - to)L e- iLUto RP±f{t ) + f e (t " s)L RP±e~ iu)S f(s)ds. (3.59) 

Jt 

The choice of the sign of e ensures that e tIj RP± has singular decay estimate according to 
Lemma 12.131 We can now identify the main term of rj±. Since i~ 1 F± = —iK^2 z k z^ki with 
summation over k, I G f2 m , 

J[F X ] = -Re^iKZkZ&M [l t ] = - Re£/ M ( S )e-^ + ^, (3.60) 

where f k i = i^PkPi&ki [-i] ■ We decompose P± = H± Pj since Tl± does not commute with 
Re. Denote R k i = lim e _ s .o+(L + i>(w k + ^i) — e)~ l Pi and u k i = oj k + Ui. We get 

rt 

/ e ('-^ P±e T««W JlF^ds = t£ 2) + t4 3) 2 + rj { 2\ (3.61) 

where 

rjf 2 = _ e (*-*o)L e ^(* ) n± ReE fci z e a m ^e-^*°/ W (io) (3 . 62) 

V { ±\ = ~ [ e^^e^n^^njReRue-^fu ^ iRe R kl e~^ s e f kl )(s)ds. 
Jt 

Observe that 

\\\fki\ + \Qfki\\\Ll ^ n\6\/3 2 +n/3max\p k \, /3 = max|p fc |. (3.63) 

Now, let 

4 

i 3) (t) v^-e^+e-^, i = 2,3. (3.64) 

i=i 

Then, from (|3.53j) and ()3.62p . we obtain the decomposition of ?7-i- and r/ as 

^ = ^ + ^ , [rj] = e ie r} + + V = ?/ 2) + r/ 3) . (3.65) 

We now compute the explicit form of rj^ which will be used in the computation of the 
key coefficients in the normal forms of z k . By (|3.65p . (|3.62p . n + + LT_ = Pj, and (|3.55|) . 

= Re {RklZkZi[\}F u + 2R k i*z k zi[\\F kl ^ + ^ z k ziR H L 2(n 3 ). 

fc , / (z Jin k ^l^^l jji 

Recall Pfc; = nQ(f)k4>i- Thus the first sum contains terms of order 0(nz 2 ). 
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3.5 Decomposition of F 

We now decompose F into appropriate terms of the same order. We write 

F = F 1 + F 2 + --- + F 5 , (3.67) 

where 

F 1 = kQ(2\(\ 2 + ( 2 ), 

F 2 = 2nQRb(2( + C) + 3KQR 2 b 2 + k(( + bR) 2 (( + bR), 

F 3 = 2kQW 2 )(2C + C), F a = 2kQ[(( + C)v + Cv], (3-68) 
F 5 = kQ [2\ Va \ 2 + r/2] + 2 K QRb(2 Va + fj a ) 

+ k(oR + /i) 2 (ai? + - k(( + bR) 2 (( + bR), 

with rj a = r] + a^R. Note that Fi consists of terms of order nz 2 ; F 2 , F% and i 7 ^ consist of 
terms no smaller than n 2 z 3 ; and F§ higher order terms. 

3.6 Basic estimates and normal forms 

In this subsection, we first give some basic estimates in Lemmas 13. 4| 13.51 and 13.61 We then 
give the normal forms of the equations of z k and b in Lemmas 13.71 and 13.81 



Lemma 3.4 (Basic Estimates) Suppose, for a fixed time, for some (3 <C n < uq and 

p>5, 



max|zj| < P, \a\ < C0 2 . 



(3.69) 



For all 1 < r < 2, denote 

x : = nP + n \\v\\h +11^11^ > 

lnr lor ^loc 



X '■= P WvWtf +n\\v\\U +h \\ L i , Y(r,p) := n \\ V \\ Z LP + r? d 

loc loc loc 



(3.70) 



We have 



WFsh} <n^ + X, ||F 3 + F4 + F 5 || il < n 2 (3 3 + X, 

loc loc 

II^-^iIIl? </? 3 + ^ II^IIl? ^^ 2 + x, 

loc loc 

\F 6 \ <P 2 + n~ 1 X, \\F-F 1 \\ Lr </3 3 + n/3||??|| L2 + F(r,p), 

loc 

\\F\\ L r ^™P 2 + nP\\vh? +Y{r,p). 



(3.71) 



Proof. First note that the proof of the first five estimates of (|3.7ip can be found in |28| 
Lemma 3.2]. Although [28] is for m = case, for L\ bounds the new non-localized terms 
for m > are similarly estimated. 

Now consider the last two L r -estimates of (I3.7ip . The only non- localized terms of F 
are of order (u^z k ) 3 , (u^z k ) 2 r], u^z k r] 2 , and if for k < m. Since \(u^z k ) 2 i]\ + \u^z k r] 2 \ < 
\u7z k \ 3 + \r]\ 3 , we have 



UK**) Lr + HK^) v\\ L r + \\u k z k ri \\ Lr + \\ri ||Lr 

£ l^l 3 ||% \\lsr + h 3 \\ L r < P 3 + h 3 \\ L r • 
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Then for 1 < r < 2 < p/2, the estimates of ||-F||^r is the same as the estimates of H-FH^i 

loc 

except the non- localized terms we just estimated and 

\\Qzkuiv\\ L r < H\ Llc , \\Qv 2 \\ L r < n \\r,\\ 2 LP . (3.73) 

So, we obtain the last two estimates. □ 
For some fixed | < p < 6 which will be chosen, let us define 



ZL={Y,T=oW) , ZH={Y,Z= m+ i\zkr) ■ (3-74) 
If m = 0, we set zl = 0. We also denote 

- A o en 6(6-p) „ 

X = X p := nS L IMlf, + nS| + m • n~ |M|| P . (3.75) 
Note that if m = 0, then X = 0. Let 

D = 6K Cmax7o + / 7o = O(l) (3.76) 

where c max = max^ 2 f 4> k an d 

7(1" = max lim Im ( faMm, 73— " --Pcf <t>k<f>i<f>m J • (3.77) 

fc,z,me/,|s|<s r->o+ V ii + e fc - e z - e m - s - ri ) 

Note that (Qk,n, -Rfc,n) _1 = 2k J" ^ + o(l). We have the following lemma on the normal 
forms of z k . 



(3.78) 



Lemma 3.5 Assume as in the Lemma \3.4[ then for all k 7^ m, we have 

\Z k \ <n(3 2 + X p + X, if k<?n, \Z k \<n/3 2 + X, if k > m, 
\R k \<(3 3 + X p + X, if k<m, \R k \<(3 3 + X, if k>m. 

Here Z k is defined in ()3.25|) and R k = R k ,i + Rk,2 i- s P ar t °f Z k , where 

R Kl := -2c k [(v+,F - Fx) + (%,F- Fj] , 
Rk,2 ■= -2c fc [(u£,h) + (%,/i) + (u k ,R)a] F e . 



(3.79) 



Proof. Recall Ij335|) that 

Z k := -2c fc {(n+,F) + (u^ ,F) + [(u+ /i) + + (u fc ,12)a] #} . (3.80) 

For m < k < K, since u~^,u^ are both real and localized, P k rj = 0, using Lemma 12.61 we 
have 

\(u+, V ) + (u^,fj)\ = 2\(u^,fj)\<Cn 2 \\ V \\ L? . (3.81) 

loc 

Therefore, 

\Z k \<\\F\\ L} + \e\[\a\ + \z\+n 2 \\n\\ L i ] 

, , , , 3.82 

< n/3 2 + X + [/3 2 + n- 1 ^]^ + ) < n/3 2 + X. 
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Now, we consider the case when k < m. We first consider the term 2c k [(u^,F) + (u^,F)]. 
As we already see in the proof of Lemma [3.41 the only non- localized terms in F are bounded 
by \rj 3 \ + ^2 j j h<m \u~ uj u^z^. Thus for k < m, using Holder's inequality and Lemma 1231 



(3.83) 



\[(ut,F) + (u~,F)]\<\\F\\ Ll +(\u^\,\r ] 3 \ + ^: j>hh<m \uju-u-\zl) 

Loc u ' ' J 

< n/3 2 + X P + X. 
On the other hand, using (|2.38|) . we have 

\(u+,r j ) + (u^,f))\ = \(a 1 $ k ,J[r } ])\<\\ri\\ L 2 , (k < m). (3.84) 

loc 

Then, it follows from Lemmas 13^41 and [2J3I that 



\[(u+,h) + (u-,h) + (u k ,R)a]F e \ < [\z\ +n- l \a\ + \\ V \U }\F e \ </3 3 + X. (3.85) 

loc 

This completes the proof of the estimates of Z k . By a similar way, we can obtain the 
estimates of R k . □ 



Lemma 3.6 Assume as in the Lemma \3.4\ then we have 

\b\ < C[n A z 2 L + n/3 3 + nX + n 2 /3X]. (3.86) 
Above X = X p is defined in (|3.75p and can be omitted ifm = 0. 
Proof. Recall (l3TiO]l that 

b = b + c m (Q, Im(F - F x + Oh)) - A 2 ,. m . (3.87) 
It follows from (f3734]) . (13T4T]) and Lemma ES that 

|6 | < Cn A z 2 L , \A 2 ,rm\ < n 2 /3[n/3 2 + X + X}. (3.88) 
On the other hand, we have 
\cm(Q,1m(F-Fi + dh))\ <n||F-Fi|| L i + n 3 /3 2 + \0\ [n 3 /3 + n \\n\\ L 2 ]<n/3 3 + nX. (3.89) 

loc loc 

So, (I3T86D follows. □ 

Lemma 3.7 Fix < m < K and < n± ~ n < uq. Let Q = Q m ^ nx an d £ = £>m,n\- 
Suppose ip is decomposed as in (I3.17P with respect to C, and for some < /3 <C n 

\H\ L 2 <P, h\\ L 2 nLP < 1, max|z fc |</3, \a\ < C/3 2 . (3.90) 

loc k^m 

Then there exist functions q k , g k ,Y k an d constants D k [ for I ^ m such that 

q k - Re(X k )q k = Y.i >m D kl\qi\ 2 qk + Y k q k + g k , with \q k - p k \ < n/3 2 , 

\D k i\ < Dn 2 , He(D k i) < —j^n 2 , \/k,l > m, and (3.91) 

|Re(n)| <n 2 z\, (k>m); \ Re(Y k )\ < n 2 /3 2 , (k<m). 

Recall ReAfc > n 4 if k < m and ReA^ = if k > m. Moreover, we have 



gklZn^ + rfpzl + rfpWriWtf + n(3 77® , + n(3X p + X, (k > m 



loc 



\9k\ <n 5 /3 2 + n 4 (3z 2 L + n(3 A + n 3 /3\\n\\ L 2 + n/3 r/ 3 ) + X P + X, (k<m). 

loc 1% 

loc 

Above Xp is defined in (|3.75p and can be omitted if m = 0. 
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(3.92) 



Proof. In case m = 0, Lemma [3.71 is identical to [2~8| Lemma 3.4]. So, it suffices to assume 
m > 0. The main difference in case m > is that uT are not localized and uf are complex 
for I < m. For those new terms involving Z\ with I < m, we either integrate them using 
integration by parts and equations of 77, as in (|3.36[) . or include them in the error terms. 
We sketch the proof here. Recall that for k 6 I m , 

z k -X k z k = Z k , p k -Re{X k )p k = e i ^ t Z k , r fc = e~ Afc %, (3.93) 

where Z k is define in (|3.25p . For Fj, j = 1, 2, • • • , 5, defined in (|3.68p . we let 



T, 



T k} 3 

T k A 



2cfce^*[(u+ F 4 ) + (% ,F 4 )], r fe)2 := -2c fc e^ t [«, Fx) + (ur,Fi)], 



-2c k e^ t {(u+,F 2 + F 3 ) + (% , F 2 + F 3 ) + [(u+, Q + (u£ , 00]}, (3.94) 
-2c k e^{(u+,F 5 ) + (u~ k ,h) + [(u+ 77) + (u*,7j) + fe,#)a]0}. 

Then, we can write 

p fc - Re(X k )p k = e^Z k = T M + T fc , 2 + T fcj3 + T M . (3.95) 
The term Tfc 1 contains the key terms with resonant coefficients. Recall 

F 4 = 2KQY,j+ m {{zj4>j + Zj4>j)v + z j4>jV} + 0(n 3 \z\ \\rj\\ L? ), (3.96) 

J ' loc 

[?]} = rf 2 ^ + r/ 3 ), and denote T]^ the first sum for r/ 2 ) in (|3.66p . which is the main term 

(2) 

of 77. Since r/| involves matrix operators R k i, we rewrite T k 1 in vector form and get 
Tfc x = Tfc 1 1 + error term, where 

T M ,i := -4^e-^*E^ m [([i] QMj,V®)(*j + %) + ([J] QMj^Zjl (3.97) 
The error term is controlled by n 3 /3 ||^|| r2 + n/3 |M 3 ^|| f 2 • By the explicit formula of r/ 2 ) 

loc -^loc 

in (|3.66p . we see that 

T k xi = D ki\Pi\ 2 Pk + (non-zero phase n 2 z 3 -terms) + Y kjl p k , (3.98) 

l>m 

where Y ki i := ^2i <m F > ki\pi\ 2 ■ The first term in T ki i t i we will keep. The middle term we 
integrate using integration by parts. The last term is part of Y k p k term. So, we get 

T k ,i = jT k ,i + J2i>m D ki\Pi\ 2 Pk + Y k>lPk + g k>1 , \f kjl \ < n 2 /3 3 . (3.99) 

Moreover, Y k \ and g k) \ satisfy the estimates as those of Y k and g k in the lemma. To 
compute Re(D^), we use (|3.66p . f|3.97j) . and Corollary 12.201 The leading terms of D k i are 

from ([ij] Q(f> k <f)j,T]™)zj. We get 

ReD H = -CImiQfafa, (H -E- +oj k ) + O+^P^Qfafr) + 0(n 4 ) 

= -Cn 2 lm(0 m <^, (H + s- iQ+^Pf^Mi) + 0(n 4 ), 



where C = 2k 2 (2 — <5f) > 2, s E R and \s— (e m — e/ — e k )\ < n 2 . In particular Re D k i = 0(n 4 ^ 
if k < m or I < m. 
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For terms in Tfc )2 , we integrate as in (|3.36|) . Since e tuJkt Z k = T k ^ + R k (see Lemma [33]) . 
we get 

T fc , 2 = ^(f fci2il ) + T fci2il + 0(n/3max| J R / |), |f fc)2)1 | < n/3 2 . (3.101) 

The last term is moved to the error term and it can be estimated by using Lemma [3.51 The 
term T k 2,1 are terms of n 2 z 3 and can be written as 

Tk,2,i = Y k ,2Pk + (non-zero phase n 2 z 3 -terms), Yk,2 ■= J2i^ m d ki\pi\ 2 ■ (3.102) 

The constants dki can be computed explicitly. In particular, Ke(d k [) = for k,l > m. So, 
we get I Re(y"fc j 2)| < n. 4 z 2 if k > m. Again, the non-zero phase terms are integrated by using 
integration by parts. So, we get 

T k ,2 = jT k ,2 + n,2P* + 0fc,2> |T fe , 2 | < 7i/3 2 . (3.103) 

Moreover, Y k 2 and 2 satisfy the estimates as those of and 5% in the statement of the 
lemma. 

For terms in T k3 , we integrate terms which are not smaller than n 2 /3 3 . The main 
difficulty is from terms with 9 since this term is not a polynomial expression m z and b. 
The analysis is the same as in [29j [30l [28] with the use of Lemma 13.51 and (I3.86j) . We can 
write 

T k , 3 = jf k j + Y k , 3 Pk + M , |f fc>3 | < /3 3 . (3.104) 

Again, g kt3 and Y k ^ satisfy the estimates as those of g k and Y k in the statement of the 
lemma. The only difference between our case here and |29[ [301 EH] is the computation of 
Re(Yfc i 3). This can be done with simple calculation and the attention that uf is complex 
only for I < m and Imu^ = 0(n 2 ). 

The term T k 4 is part of the error term and can be estimated as Z k in Lemma 13.51 

\T kA \ < n(3 4 + X , (k>m); \T k>4 \ < n/3 4 + X + X p , (k<m). (3.105) 

Now, let 

Qk ■= Pk ~ T k>1 - T k>2 - T k< 3, Y k := Y k> i + Y k<2 + Y k>3 . (3.106) 

Our lemma follows from ([3T99]) . (|3.1U3|) . (133041 and (|3.1U5|) . □ 



Lemma 3.8 Assume as in Lemma 3.1. Then, there exist functions b,g b and numbers B k \ 
for k,l £ I m such that 



b = b + V B k i\z k \ 2 \zi\ 2 + g b , \b - b\ < Cnp[p 2 + n \\n\\ L 2 ], 

* loc 

b&| < C[n 3 /3 4 + n 5 /3z£ + n 2 /3 2 z£ + n/3 5 + n 2 z L ||n|| L 2 (3-107) 



+ n2 IMlL 2 + n ll r ? 3 ILi + n 1 



loc 



+ n/3X 



Pi- 



Above bo is define in (|3.34p and can be omitted ifm = 0. Moreover, we also have \B k i\ < Cn 2 
and Bki = — %f Re-Dfc/ + 0(n 4 ) where D k i is defined in Lemma \3~l\ and c rn = (Q m , Rm)^ 1 = 
0(1) > 0. Moreover, max M (\B M \)/(K- 1 'y Q n 2 ) < § . 
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Proof. Recall (lODI) that for b defined in (13331) and A 2)Tm denned in (1311D . 

& = &o + c m (g, Im(F - Fx + Oh)) - A 2>rm . (3.108) 

In case m = we have = 0, bo = 0, X p = 0, and Lemma 13.81 follows from Lemma |281 
Lemma 3.4]. Therefore, we may assume m > 0. All of the work here is similar to that of 
[5DJ[2H], so we only give a sketch. Define 



h := c m (Q,Im(F - Fi)) - b 3 - & 4 , b 2 := c m (Q,lmh)0, 
b 3 :=2 K c m lm(Q,Q[(C + 0ri + Cf}}), 6 4 = c m Klm(Q, 2\(\ 2 V + Cv) 



(3.109) 



Then, we have 

b = Ej=0&i ~ A ^rm- (3.H0) 

For terms in b\ + b 2 , we treat them as in [291 15U1 [2"B] . Note that we can write 

b 2 + b 2 ~ nz 3 + n6z + n 2 z 4 + 6z 2 + n~ l b 2 z + error. (3.111) 

The non-zero phase terms are of the form C k i \ z k | 2 1 zi | 2 and Ckb\zk\ 2 - Here \Cm\ < n 2 and 
|Cfe| < C for all fc, Z £ I m . Moreover, ImCy = ImC^ = for all fc, I G 2> m . Therefore, 
due to the Im-operator, the terms of the forms Cfcz | -^fc 1 2 1 1 2 with Ckb\zk\ 2 with k,l £ 7> m 
are killed. If one of k,l is in I<rm we get new non-zero phase terms of the forms Cki\z k \ 2 z 2 ^ 
with | ImCfczl < n 4 and Ci))z\ with | ImCx| < n 2 . We move these new terms into the error 
term. For all of the non-zero phase terms, we integrate them by using integration by parts. 
We get 

h+b 2 = + b 2 ] + g b>1 + g b>2 , \h\ + \b 2 \ < n0\ (3.112) 
at 

with g b ^ + g bj2 satisfying the estimates as that of g b in the statement of the lemma. 

For terms in 63, we have b 3 = 2Kc m Im(Q 2 , £77). We move terms 2nc m Im(Q 2 , (kV) to 
error term if k < m. So, we have 63 = b 3t i + b 3)2 with 

63,1 := Im^ >m [(/i/i, [rf\)z k + (f 2k , [rj])z k ], \b 3>2 \ < n 2 z L \\rj\\ L 2 . (3.113) 

loc 

Here, f±k,f2k are some explicit localized functions of order n 2 . We need to integrate 63^ 
using equations (|3.5ip of r/± as in [29] . We get 

b 3 = ^-b 3 +g b - 3 , \b 3 \ <C[n 2 /3|M| L2 + n 3 /? 3 ]. (3.114) 
at ioc 

Also, g b<3 satisfies the estimates as that of g b in the statement of the lemma. 
For terms in 64, as in (|3.97p . we write 64 = & 4 .i + b^ er with 



&4,i = c m Klm ^ [{[li}Q4>k4>hV {2) )zkZi + ([^Q&ktphV^^ZkZi] 

k , / £ m 

|&4,er] <™ 3 /3 3 ||?7|| L 2 +n/3 2 



^(3) 



(3.115) 



loc 



From (13.66P and as in (j3.99[) . we have 



64 = ^-64+ Yl B ki\z k \ 2 \zi\ 2 + g bA , \b A \<Cn 2 p\ (3.116) 



dt 
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The term (#,,4 satisfies the estimate as that of in the statement of the lemma. The 
computation of B^i is exactly the same as that of Re D^i ■ The main leading terms come 
from 

<™K([-i)Q$k<f>l,'lli)ZkZl, Cm^{[\]Q4 ) k(j>h'f]l } )ZkZl- (3.117) 
Using (I3.66|) . Corollary 12.201 and by direct computation, we get 

Bki = -^ MDh) + 0(n 4 ). (3.118) 

For terms in A^rmi we can write 

A 2 ,rm = n 3 z 3 + n 2 z 4 + n 2 bz 2 + error. (3.119) 

Again, zero-phase terms are of the form Qfc|zfc| 2 |^| 2 and c\kb\z^ . By direct computation, 
it follows that Imc^ = Imcifc = if k, I € I> m - So, those terms c^Zfe! \zi\ 2 and c\kb\zk\ 2 
are killed by the Im-operator if k, I £ /> m . The other terms of the form Qfc|zfc| 2 |z/| 2 and 
c ikb\ z k\ 2 with k or I in I <m are moved to the error term. For terms of non-zero phase, we 
integrate them. We get 

A 2 ,rm = ^A 2 , rm + 56,5, \M,rm\ < ^ 3 /3 3 . (3.120) 

at 

The error term ^,5 satisfies the estimate as that of in the statement of the lemma. Finally, 
let 

5 

b = b-[b 1 + b 2 + b 3 + b 4 - A 2 , rm }, 9b = ^ J 9b,j- (3.121) 

j'=i 

Lemma EE follows from ([3112]), ([5111]), dSHS]) and fl332J3|. □ 



4 Converging to an excited state 

In this and the next sections, we study the dynamics when the solution is in a neighborhood 
of some excited states Q\ at t = 0. We want to show that the solution either converges 
to an excited state, or exits the neighborhood eventually. In the first case, the ground 
state component is always bounded by other states. In the second case, the ground state 
component becomes significant after some time, denoted t c below. In this section we study 
the dynamics for t < t c . In next section we study the dynamics for t > t c if t c is finite. 

Denote Xj(t) = (<frj,ip(t)) and £(£) = P^ Tp(t). The assumption of Theorem 11.11 states 
that, at time t = 0, 

l^l (0)1 = n, ||£#i*j(0)& + e(0)||#i nLl < po, po = n 1+s . (4.1) 

Denote 

r e :=sup|r: — \\ip(t) — xi(t)4>i\\ L 2 < |a?i(t)| G ((0.9)n, (l.l)n), 0<Vt<rl. (4.2) 

Above £3 > is the small constant in Lemma 13.31 and T e > by (|4.ip . T e is the time the 
solution exits the neighborhood of first excited state family. Note that (|4.1|) - ([4.2|) are in 
terms of the orthogonal coordinates. For the majority of this section we will use linearized 
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coordinates which depend on the choice of Q, but (|4. 1[) — f|4.2[) are independent of such a 
choice. 

From Lemma 13.31 and the definition of T e , for each < T < T e , we can find a unique 
n(T) = n(ip(T)) £ (0, no) such that the solution ip(t) can be decomposed as 

i>{t) = [Q + a(t)R + C(t) + r](t)}e~ lEt+l0 , V < t < T e , (4.3) 

with a(T) = 0, where Q = £?i,n(T)> R = Ri,n(T) an d E = E 1>n r T y The components £ 
and T) are in the corresponding spectral subspaces with respect to Qi jn (T)- Moreover we 
decompose 

C = Ei/iO, (j=z jU - +z 3 u+, [r l ] = e ie r l+ + e- ie r l ^. (4.4) 

Define 

p(t) := I(At + 7o t)- 1 / 2 , At := (npo)" 2 , p(0) = po, (4-5) 
n 

where 70 is given in (|1.15|) . and let 

t c := sup {T : \z (t)\ < e^rT 1 p(t) 2 , 0<t<T}, (4.6) 

0<T<T e 

where £4 > is a small constant to be chosen in (|4.49|) . and zq is the coefficient of Co m 
(|4.4|) with respect to Qwt)- If there does not exist any T satisfying the right side of (|4.6|) . 
we let i c = 0. 

Be definition i c < T e could be finite or infinite and is independent of the choice of Q 
in (|4.3p . If it is finite, it is the first time that zq becomes large enough, and will not be 
destroyed by other components in the future. The subscript c means "change" (of behavior). 
The function pit) is an upper bound for higher bound states for < t < t c . 

If t c = 0, we may skip most of this section and go directly to Lemma 14.61 and section 

We will bound r\ in LP and Lf oc , with fixed p satisfying 

_<p<6, a = a(p) = , 3<^<4- ( 4 -7) 

From now on let < T < t c and tp be decomposed as in (14. 3p with respect to <3i |n m- 
We start with the following lemma. 

Lemma 4.1 (Initial estimates) Fix ^ < p < 6 luzt/i a(p) = — ^p. VKe Ziawe 

EM°)l 2 <I/i ||e L V(0)|| LP (t) CT(p) + 11^(0)1^ (t) 7/6 <C 2Po (4.8) 

* loc 

fc/i 

/or i > 0, for some C2 > uniformly in n = n(T), < T < T e . 
Proof Let rp' := e~ w (°V(0) - Q- From (JOJ) at t = 0, we have 

o(0)H + C(0) + 7/(0) = V' = e"^ 0) (Ef=o^(0)^ + e(0)) - Q- (4.9) 

For fc 7^ 1, applying the projection Pj. on this equation, we get 

M0)| < + <(l + o(l))[k fc (0)|+n 3 ]. (4.10) 

Thus Efc^ikfc(°)| 2 < §Po W CT - Moreover, since is localized and HV^IIi/inL 1 ~ P01 
using Lemma l2.16( we get the estimates of n±(0) for t > 1 by Lemma [2 . 1 1 1 and for < t < 1 
by Lemma |2. 81 □ 
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Recall ?/ 3 ) and zh are denned in (|3.64p and (|3.74p . We now define 
f p(t)- x z H (t), 2D' 1 p' 2 (t)\a(t)\, 



Mt '■= sup max < 

0<t<T 



n 2 °- 1 p(t) 2 °- 2a + 2C 2Po (t} 



-o-(p) 



\\v(t)\\ 



LP ' 



> • (4.H] 



n 



^/2 p 3 +n ^ p 7/3 + 2C2po{t y 



-7/6 



l?? (3) Wllif 

loc 



Above a > is a small constant to be chosen. We can choose a = 0.01. 

Clearly Mo < 3/2 if n is sufficiently small. By continuity we have Mt < 2 for T > 
sufficiently small. Our main result in this section is the following proposition, which implies 
Mt < 3/2 for all T < t c by a continuity argument. 

Proposition 4.2 Suppose that for some T £ [0, i c ), iWr well-defined and Mt < 2. T/ien 
we toe M T < 3/2 and n(T)/n £ (|, |). 

The proof of Proposition 14.21 is decomposed to Lemmas 14.31 14.51 
Note that T < t c and M T < 2 imply 

\zo(t)\ < e 4 n~ l p 2 (t), z H (t) < 2p(t), \a(t)\ < Dp(t) 2 , 



\\ V (t)\\ LP < 2n^-'p(tr- 2a + 4C 2 po(t)-°, 



(4.12) 



(3) 



L 2 < 2n~ a ' 2 p i + 2n 4 / 5 p 7/3 + 4C , 2 p (*>~ 



7/6 



Since [n] = rj^ + r/ 3 ) and || r ?'- 2 ^|| i 2 ^ fip 2 by its definition, we get 

loc 

Ht)\\ L f <np(t) 2 +p (t)- 7 / 6 . 

loc 

It is sometimes convenient to use 

po (<r 1/a < < n- 1 (*r 1/a , h\\ LP + \w)\\L? <p- 



(4.13) 



(4.14) 



Lemma 4.3 Recall X, X, F and F 1 are defined in ([3770]) , (pOl) , and (^B5|l , urc2/i 4f- < 
p < 6. Assume Mt < 2, f/ien we /iave 



* < np 4 + popW 2 W^ 7/6 + np 2 {ty 7 l\ 
X < n 2 p s + np p(t)(t)~ 7 ^ + np2( t )-7/3 5 

and, wzf/i o(l) denoting small positive constants which go to as n + HV'oIIh 1 ~~ ^ 0; 

II^IIlp' <np 2 + o(l)p 2 {t)- 1A , 

Proof. By Holder's inequality for p > 9/2, and ||??|| L2niP <C 1, 



(4.15) 



(4.16) 



L 2 nz> 

|r? 3 || Ll <||7?|||^||n||£^, || ? ? 3 || rl <o(l)||n" : 

loc loc 



P+2 

W\\ LP > < o(l) ||n||£; 2 , ||?? 3 || L 9/8 nL 3/2 < o(l) ||n 



lip 



(4.17) 



9(p-2) 

LP 
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From (|3.70p with (3 = p and n replaced by n(T) ~ n, 

X<P 2 \\ri\\ L ? +X X , X<np\\r,\\ L? + X x , X 1 = n\\ V f Lf +\\v 3 \\ L i ■ (4.18) 

loc loc loc " loc 

Using (I4TT2D 9. (I4TT31) . and (|4TTTD i. one gets for ^ < p < 6 that 

*i < "V + POP 2 (tr 7/6 + npl (ty 7 / 3 . (4.19) 

One gets f|4. 15|) from the above two equations. 

To bound F = KQ(2\h a \ 2 + h%.) + K\h a \ 2 h a in L p ' with h a = aR + C + V, since \\aR\\ < 
n^P 2 , IICIIw < P for g > 2, and < p, by @TZh and we get 

11*11 jy S V + Miff 2 < np 2 + o(l)pg <tr L451 ° • (4.20) 

Similarly, to bound F - F 1 with F 1 = kQ(2\(\ 2 + ( 2 ), by (|4TT7D we have 

up 

l' F " Fl Kind ^P 3 + n P MlI c + hlllP 7 • (4-21) 
By (I4TT21 . p < n^ 1 (t)~ 1/2 , and ^ < p < 6, it is bounded by 

<p* + np[np 2 + p <t>- 7/6 ] + [n°- 647 V 2 - 5494 + Po' 8333 ™] 
< /3 3 + n°- 6 V 54 + Po /4 (t)" 5/4 . 

□ 

Lemma 4.4 (Dispersion estimates) Assume Mj> < 2, then for all < t < T, we have 

\\v(t)\\ L p < |n 2CT -V(t) 2CT - 2a + 3C 2 Po(*)- CT , 

I (4.23) 

h (3) WllL ? < -[n-V + n 4/5 p 7/3 ] + 3C 2P0 (i)^ 7/6 . 

ioc 2 

Proof. We first prove the L p -bound. Since [rf\ = e l6 ri + + e~ te r]^, it suffices to estimate 
1 1??±|| lp- By (l33Uj) with i = 0, and by Lemmas EH and E32B 

IkilliP < ||e%±(0)|| iP + f a p (t - S )[||F L± ||^ + \\F\\ LP ,](s)ds. (4.24) 

J o 

By Lemma 14.11 

||e'V(0)|| iP <C 2P o{t)-°. (4.25) 
By (f37TTj) . Lemma S31 and gUD, 

|0| = 1^1 < P 2 + n- 1 ^ < p(t) 2 + pop(0 W" ?/6 + Po<r 7/3 < P{tf- (4-26) 
By ([532D , (BHD, and Lemma ELl5j 

\\Fl±\\ Lp i < \F e \(\H\ LP + n~ l \a\ + \z\) < p 2 ■ p = p 3 . (4.27) 
By Lemma I4T31 ||F|| iP / < np 2 + pl(t)~ 7 / 5 . Thus the integral in (|4.24p is bounded by 

< /* a p (t - s)[np 2 (s) + p 2 (sr 7 / 5 ]ds < p 2a n 2 ^ p(t) 2 ^ 2a + p§(i>-. (4.28) 
JO 
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Here we have used (|4.5p . np 2 (s) ~ n l {At + s) , and VO < a < a < 1 



[ \t- s\~ a (At + s)" 1 ^ < (At)- a (At + 
■/ o 



(4.29) 



Combining (|4.25p and (|4,28p , we get the first estimate of Lemma [ 

We next prove the second estimate. Recall that 77^ = Y^j=i ^± j> where 77^ are defined 
in (|332~j) and (1^621) with t = 0. By Lemmas O and E3SI we get' 



„(3) 



LOC 



< c 2P o(tr 7/6 , 



„(3) 



if 



<Cn^(t)-3/ 2 . 



For 77±,3, by Lemma |3"3| (|4.14j) . and (|4.15p . 

ma 

By $3Mb . K26b and the above, 



max \p k \ <np 2 + X p + X< np 2 



2 „3 



\\\fkl\ + \0fkl\\\L2 <n\9\p +npmax\p k \ <np p +np(np)<np 
It follows from Lemma 12.131 that 

rt 

-3/2 2 n 3f„\j„ ^ nJZJ> 



(3) 
»4,3 



loc 



< C / (t - s)" d// n> d (s)ds < Cn z p 6 {t). 
'0 



Here we have used, for o, 6 > 1 and S > 1, 



(4.30) 

(4.31) 
(4.32) 

(4.33) 
(4.34) 



which is bounded by (S + 1) b if a > b. 
For 77-^4, by Lemma |2.11| we have 



„(3) 

"±,4: 



loc 



<C I a 00 (t-s)[||F L ±|| i o/8 ni s/a + ||i i, --Pi|| L 9/8 nL s/a](a)da, 
J 

where a^t) = t' 1 / 2 (t)~ 2/3 . It follows from (|4T34"P that 

«oo(t - s)p( S ) r ds < p(t) r + n 1 ' 3 ^" W /3 , r > 2. 



(4.35) 



(4.36) 



As for (fOTj) . we have \\F L ±\\ L9/8nL 3/2 < p 3 . By Lemma [OJ \\F - Fi|| i9 /8 ni 3/2 < p 3 + 
n°- 6 V 54 + Po /4 (*)" 5/4 - Thus 



„(3) 
"±,4 



loc 



(4.37) 



< (p 3 + n 1 /3 pop 7/3) + (n 0.64 p 2.54 + ^.97^0.54^7/3) + ^7/4 ^-5/4 

<p 3 + (l)n 4 /V /3 +^ /4 W- 5/4 - 
Summing (14.301) . (14.331) and (I4.3TI) . we get the bound of II 77+ 1 1 r 2 in the lemma. □ 

loc 

Lemma 4.5 (Bound states estimates) Assume Mt < 2, then for all < t < T, we 

have 

z H (t) < \p{t), \a(t)\ < - A Dp{t) 2 , \n(t) -n\< jn. (4.38) 
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Proof. For 1 < k < K, from Lemma 13.71 we have a perturbation q k of p k such that 



where 



¥1 



1% - Pfcl < Cnp 2 , | Re(Y fe )| < Cn 2 z 2 < Cp 4 (t), 
bfel < V + nVlhlli? + ™pI|t/ (3) IIl? + 



(4.39) 



(4.40) 



From (I3.75P and \\r]\\ LP < p, we have X < p 3 . Thus, from (|4.12p . (|4.13p and Lemma 1431 we 
get 



1*1 < o(l)n 2 p 3 + np p(ty 7 / 6 + npl{t)- 7 '\ 
Since po = n 1+<5 and < S < |, it follows that 



n AT 



|<fc| (t)d* < Cnp ; \g k \(t) < o{l)n 2 p 3 (t), V< > n 



Now, from (|4.39p . we get 
d 



dt 



kfcl = ^Re(D fci )k/| 2 kfc| + (Reifc)|%| + Re (y^)- 



(4.41) 



(4.42) 



(4.43) 



for all < t < n 3 , by integrating this equation on (0,t), we see that \qk(t) — q k (0)\ <C po • 
Using z H = (Efe>ilPfc| 2 ) 1/2 , z h(0) < \/9/8po and |g fc - p k \ < np 2 , we get 

z H {t) < l.l/Oo, V0<K n^ 3 . (4.44) 

Now, let f H = (\q 2 \ 2 + ••• + |^| 2 ) 1/2 , from (|QgJ) and CT . in particular D k0 \q \ 2 < 
n 2 (n~ 1 p 2 ) 2 = p 4 , we get 



JH < ~- 



-f A H + c[f H p* + Y.Z=2\9kW- 



By (g32D and (jOj) , we get 



/^<-^^ + o(l)n 2 p(i) 



3 ?1~ 3 < t < t r . 



(4.45) 



(4.46) 



Let g(t) := \p(t). We have /^(n" 3 ) < 5 (n" 3 ) and g = ~^§g 3 , thus f H (t) < g{t) if 
fll{t) = S'(i) • By comparison principle, 



f H (t)<g(t)= 7 -p(t), (n- 3 <t<T), 
5 



(4.47) 



which together with (|4.44p give the first estimate of the Lemma. 

For the second estimate, recall that a = + b with \a^\ < Cn 2 p 2 {t). From Lemma 
78|, there is a perturbation 6 such that 



d_~ 
dt 



b = b + b + B M \zi\ 2 \z k \ 2 + g b , 

Kl,k<K 



(4.48) 
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where and Bki are denned in Lemma [3781 and bo = i?oo I -^o 1 4 + 2 Yli<k<K Bko\zo\ 2 \zk\ 2 ■ 
We have \b - b\ < Cn 2 p 2 and |6 | + |&o| ^ n A \z Q \ 2 < e\n 2 p A . By Lemma EJil (gJH> , (in 
particular |zo| < e^n~ x p 2 and this is where we choose £4), (|4.13j) . Lemma H~3l (|4.19p and 

X<nV + Nlip, 



< n 3 p 4 + np 5 + e 4 re / o 2 ||r/|| L 2 + np 2 ||»/ 3 ) || L 2 + nX\ + npX 



(4.49) 



< o(l)n 2 p(t) 4 + ft, ft = n 2 p 2 (ty 7 / 3 + W 2 (i)^ 6 . 
Then, for t > At = n~ 2 p ~ 2 , we have p{t) ~ n _1 i -1 / 2 and 

/ \%\{s)ds< [nV 7 /3 + s -V6-l ]ds < n 4 r 4/3 + r 7/6< n 2 p(t) 2_ (45Q) 

For < i < Ai, we have p(£) ~ po an d 

/ \9b\(s)ds<( +/ )\g b \(s)ds< n 2 p 2 ( S y 7 ^ ds + n 2 p 2 <n 2 p 2 . (4.51) 



Using f f °° n 2 p A ds < p(t) 2 , we get have 



|6 + fffe|(s)ds<o(l)p(f) 2 , VtG [0,T). (4.52) 



Integrating (|4.48j) on (t,T) and using maxfc;(|S^|)/(i^ 1 7on 2 ) < y, we get 

\b(t)\ < \b(T)\ + ^p 2 (t) + o{l)p 2 {t) < \b(T)\ + 5 -Dp 2 (t). (4.53) 

Now, since a(T) = 0, we get 

\b(T)\ = \a(T) - b(T)\ + \b(T) -b(T)\ < \a^(T)\ + Cn 2 p(T) 2 < n 2 p{t) 2 . (4.54) 
Thus we have |6(t)| < \b(T)\ + \b(t) - b(T)\ < §£>p(t) 2 and 

\a(t)\ < \a( 2 \t)\ + \b(t)\ + \b(t) - b(t)\ < \Dp(t) 2 . (4.55) 

Finally, Lemma 13.31 shows \n(T) — n(t)\ < n _1 |a(i)| + n 3 <C n and the last claim of the 
Lemma. □ 

The proof of Lemma 14.41 and Lemma 14.51 complete the proof of Proposition 14.21 

We now distinguish the two cases that t c = 00 and t c < 00. 

Suppose t c = 00. By Lemma [3731 (iii) we have for any t < T < 00 

\n(t) 2 - n(T) 2 \ <\a n{T) (t)\ < p 2 (i), (4.56) 

which shows that n(t) converges to some ~ n as t — > 00. Furthermore n(t) ~ n(0) ~ rioo 
and \n(t) — n^l < n~ l p 2 {t). Together with the estimate My < 3/2 we have shown the main 
theorem in the case the solution converges to an excited state. 

In the case t c < 00, by continuity we also have Mt c < 3/2. we will show that the 
solution escapes from the first excited state family in the next section. We prepare it with 
the following lemma, whose proof is the same as that for rj± (t) in Lemma 14.41 with the 
nonlinear terms set to zero for t r < s < t. 
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Lemma 4.6 Suppose t c < oo. Let At = n p Q ~ and rj±(t) = e T P±[rj(t)] where rj(t) 
as in (|4.3p with respect to Q\ >n (t c )- Then for all t > t c , we have 



■is 



LP 4 



V±(t c 



< -A 2 (t), 

loc 



(4.57) 



where for C 2 from Lemma \4~l\ some C3 > and p c = p{t c ), 

Ai(t) = C 3 [C 2 po^)^ CT(p) +n 2ff - 1 po>(i) 2a " 2Q ], 

A 2 (t) = C 3 [C 2Po (i)" 7/6 + n^(< - t c r 7 / e + p 3 (t) + n 4 / 5 p 7/3 (t)]- 

Moreover, with a 2 '■= min(5, % — 8, ^y|^) > and t£ := t c + n -3 , 



(4.58) 



A 1 (t) + A 2 (t) < Pc , 

Ai < Po (t)- a + n 1 ^ 3 , A 2 < po (*)- 7/6 + np 2 , 



(Vt > t c ), 
(t c <t <*+), 

(*>*+). 



(4.59) 



A 1 (t)<n 1 /3 p 4/3 ) A 2 (t)<n 1+CT V C 2 , 
Proof. From (I3.51D . we have 

e^-^iQ = e Lt V ±(0) + t e L ^P±{F L ± + e* ie J[F]}(s)ds 



(4.60) 



We also decompose t]±(t c ) = rj±\t c ) + rj±\t c ) with a similar formula for e L (* tc ^r]±\t c ). We 

can bound e L( -* _ * c - ) r/-i-(t c ) in L p and e L ( t ~ tc ^ r]±^ (t c ) in L 2 oc using the same proof for Lemma 
with the integrand set to zero for t c < s < t. We also have 



^~^(t c ) <(t-t c r 3/ w c (4.61) 

loc 

using the explicit definition of in (13.62P and Lemma 12.131 The above shows (|4.57p . 

We now show (|4.59p . Its first part is because po (t) -1 ^ 2 — Pc for & U t > tc 5 which follows 
from (gHH). 

Its second part follows from p(t) ~ p c < p$. 

For the third part with t > t£, it suffices to show 



2ct-1 „2cr-2a 



P0 



<r 7/6 < n 1+CT v c 2 . 



(4.62) 



If t c < At, then p ~ p c ~ po. Writing all factors as powers of n using (t) 1 < n 3 , (|4.62p 
is reduced to 1 + 5 + 3a > 2a - 1 + (2a - 2a) (1 + 5) and 1 + 5 + 7/2 > 1 + a 2 + 2(1 + 5). 
Both are valid using 2/3 < a < 3/4, < 5 < 3/2 and cr 2 < 3/2 - 5. 

If t c > At, then p c ~ n^tc 1/2 , and (j4T62l) is reduced to n l+s (t)~ CT < n _1+2a t7 <7+Q and 
n 1+s (t)~ 7/6 < rT^H' 1 , both are correct. □ 



5 Escaping from an excited state 

In this section we study the dynamics near an excited state when t > t c assuming t c < 00. 
We want to show that the solution will escape from the po-neighborhood of the excited 
state. Recall po = n 1+s with < 5 < 3/2. (We need 5 <C 1 in next section but not here.) 
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Fix Q = Qi >n rt c ) an d decompose ip(t) for t c < t < T e as in (|4.3p and (|4.4p with respect 
to this fixed Q. At t = t c we have Lemma 14.61 and, by definition of t c and Mt c < 3/2, 

3 3 

\MQ\ > e ±n~ Pa z H {t c ) < -p c , \a(t c )\ < -^Dp 2 c , p c := p(t c ). (5.1) 

Let 

l(t):=\q (t)\+n b \q Q (t)\ l l 2 + p c , (5.2) 

where qo(t) is the perturbation of po(t) defined in Lemma 13.71 It will be shown to be an 
upper bound for bound statesJl We have defined 7 (i) in terms of \qo\ instead of |zo| so that 
it is non-decreasing in t (for t > t+ := t c + n -3 ). 
Define 

t Q := sup jt > t c : z L {s) < 2n 1+S , V s £ [t c , t)| . (5.3) 

The time i D is the time that zl becomes powerful enough in orthogonal coordinates. The 
subscript means "out" (of the neighborhood). It follows from Proposition 15.11 below that 
t a < T e and hence the decompositions (|4.3p and (|4.4p are valid at least slightly beyond t . 
Recall 

27 r , . 3p- 9 2 3 . A . 

— <p<6, (7 = (7 (p) = ___ ) 3<^<^. (5.4) 

The main result of the section is the following proposition. 

Proposition 5.1 There exist constants C$,Di > 0, uniform in n, (with C 3 greater than 
that in Lemma {475ty , such that for all t c <t < t Q , we have 

\qo(t) ~ qo(s)\ < — e 4 n -1 ^. (t c < s < t < t+ := t c + n~ 3 ), 
M)[ G [ e |(ReA )(t- S ) )e |(ReA )(t- S ) ]) ^ < S < t), 

\Qo{s)\ 

/fin 

z H (t)<J—^t), \a(t)\<D l7 2 , (5.5) 
V 7o 

\\rj(t)\\ LP < n CT1 7 (i) 2 + ±Ai(i), ai = 4a - 3 - a, 
^ (3) (t)| L2 < C 3 n 5 7 (i) 2 + C 37 (t) 3 + ^A 2 (t), 

loc 

where a > is so small that — ^ + 2a < <ti = 3 ^ p ~ 6 ^ — a < 0, and Ai(i) and A 2 (i) are 
defined in (|4.57|) . In particular, t < T e and for some constants c\ and c 2 , 

t c + Cl n~ 4 log — < t„ < t c + c 2 n" 4 log — (5.6) 

ZL{tc) Z L [t c ) 

The main term in the integrand of n is of order nz 2 . In the first term of its L p -bound 
we lose some powers of n due to integration over a time interval of order n -4 . On the other 
hand, the first term 7 3 of ||??(t)|| i 2 estimate is optimal and comes from recent time terms 

loc 

of order z 3 in the integrand. 



5 The term n 5 |go| 1,/2 is included in 7 so that zh < 7- Explicitly: The bound of ||j)|| iP includes n 11 |qo | , 
see (|5.32[) . By (|5.21[) . the bound of H 7 ? 3 1 1^9/8 ni 3/2 and hence ||?/ 3 ^ 11^,2 contains n 18 z™ where m — > 11/6 as 
p — > 6. To bound zh by 7, we need |[r?|| L 2 < wy 2 for (|5.49f) and 7 = \qo\ + p c is insufficient. 
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Proof. The lemma clearly holds true for t = t c . By a continuity argument, it suffices to 
prove the lemma with additional weaker assumptions: 

koW - ?o(s)| < l^n-'pl (t c <s<t< t+), 
\Q0(t)\ ^ [e i(I to Ao)(t-.) je 2(ReAo)(t-») ]j ( t + < s < t ), 



^(t) < 2a — 7 (t), |a(t)| < 2D l7 2 , (5 ' 7) 
V To 



11^)11^ <2n CT1 7 (*r + 2Ai(i) ) 

( 3 )(t) <2C 3 n 5 7 (t) 2 + 2C737(t) 3 + 2A 2 (t). 



^foc 

At least for i near i c , the assumptions of Lemma 13.71 are satisfied and hence \zq\ < \qo\ + 
\po~ Qo\ < 7 + CY17 2 = (l + o(l))7. Together with (|5.7|) and [rj\ = r/( 2 ) +rj^ , the assumptions 
of Lemmas l3.4H3.7l are valid until t = t a with (3 = (1 + o(l)) 7 (i), and 

ko(*)| < (l + o(l))7(t), 
||r/(t)|| LL <Cn7 2 (t) + A 2 (t), (5.8) 
h(t)|| L 2 nLP < 7 (i). 

ioc 

Here we have used (|4.59|) . 

It is convenient to have an upper bound of 7 in terms of |go|- Clearly 

l 2 (t) ~ l^ol 2 + n 10 |(?o| + P c 2 < ^nkoWl + e^nlzt,^)]. (5.9) 

Since \z (t c )\ < \q (t c )\ + C?i7(i c ) 2 < | ?0 (*)| + Cnj(t) 2 , we get 

J 2 (t)<e^n\q (t)\. (5.10) 

Thus we get an improved zq estimate, 

\zo\ < M+<?n 7 2 < (1 + O (l))|<z |. (5.11) 

We can also derive from (|5.7j) and |zo(^c)| > £4n _1 /9 2 that, for any t c < s < t < t a , 

\qo(s)\<% (t)\e~^ RcX ^- s l (5.12) 
5 

We now give error estimates. For X\ = n\\ri\\ 2 L 2 + |k 3 ||ri , using (|5.7p . ()5.8|) . and 
Holder inequality, we have 

Xi < n(n 2 j 4 + A 2 ) + (n 7 2 + A 2 ) A ^j 2 + Ax) B , (5.13) 

with A = 2p ~ 6 and B = We claim that 

n 7 2 , (Vt > i c ), 

< np 2 <r 7/6 + n 2 V, (t e <*<*+), (5.14) 
n 2 V, (t > t+). 
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The first estimate is because Ai + A2 < p c . The last estimate is, using (|4.59|) ^ and 1.4 < 
A < 1.5 < B < 1.6 with A + B = 3, 

Xl (t) < nV + (n 7 2 ) A (n 1 /3 7 4/3)B = n 3 7 4 + < n 2.8 7 4^ (fU5) 

When t c < t < f+, using p ~ p c < po> (|4.59|) 9. oi > —1/3, and the previous estimate, 
Xi(t) < n 3 7 4 + np 2 (t)- 7 /' + (po 7/6 + n 7 V (po W + - 1/3 7 4/3 ) B 

For X and X defined in (|3.70|) . we have 

X<1 2 \\v\\l* + X 1 <n 7 4 + 7 2 A 2 + X 1 (t), 

loc (5 17) 

X <nj\\i]\\ L 2 +X 1 <n 2 7 3 + n 7 A 2 + Ai(i). 

loc 

For X p defined in (|3.75p we have 

X P = n 4 z L H\% + n 6 z 2 L \\ V \\ LP + n^V' \\ V f LP 

< n 4 z L (n 2cT1 ^ + A?) + n 6 z|(7i CTl 7 2 + Ai) + n 6(6 " p)/p (n 3CTl 7 6 + Af). 

Using Young's inequality on n A ziA\ + n e z^A\, and 6(6 — p)/p + 3<ti = a\ — 2a > — 1/2, we 
get 

A> p < n 3 / 2 7 4 + n 8 - 5 z 3 L + n^^A?. (5.19) 
From (13321) . (133B1 . Lemmas S3 and (^77) . (IBTTTD and (jCTD o. we get 

|0| < ^ + < 7 2 + n ^l (n 2 7 3 + ^ + < 7 2 ; 

\p k \ < + n/3 2 + X p + X < n 4 z L + n^ 2 + X 1 < n 4 z L + n 7 2 . 
We now estimate the main terms. By Holder inequality, 

2(p-4) p+2 2(2p-9) lip 

\w\\ LV , < hu- 2 nii; 2 , ik 3 iL 9 /8 ni 3 /2 < hwsr* u\ir 2) ■ ( 5 - 21 ) 

Using 36/7 < p < 6 and -± < en = 4cr - 3 - a = 3 - ^ - a < 0, 

(n 4CT - 3 " Q 7 2 )5 ± i < (n 4,J - 3 - a 7 2 )5(F^) < (1) 7 3 , (5.22) 
for a > sufficiently small. By Lemma 13.41 and H^H^a < we § e t 

II^IIlp' < n 7 2 + X + n llr?^ + \\ V 3 \\ Lpl < n 7 2 + S 2 , 
\\F ~ FihvsnL^ <l 3 + X + n \\ V f LP + \\ V % 9/ s nL3/ i < 7 3 + h, (5-23) 
«5 2 (t) : = n 7 (t)A 2 (t) +nA 2 (t). 

In deriving the above estimates most terms in Xi are controlled by 5 2 except 

n A j 2A A? < (n A - B / 2 7 2A )(n B / 2 Af ) < (^-fl/a^a/p-fl) + (n B/2 A fl )2 /B < 7 3 + nA 2_ 

(5.24) 

Estimates (|5.5p now follows from Lemmas 15.21 and 15.31 below. 

In particular, taking s = t£ and t = t a , (I5.5P 9 together with ReAo ~ n -4 and \zq\ = 
(l + o(l))|q n | imply Q. □ 



(5.20) 
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Lemma 5.2 (Dispersion estimates) For all t c < t < t Q , we have 

lh(t)|| L p<K7 2 + Ai](t), ||^ (3) (i)|| L2 <[^V + C 3 7 3 + A 2 ](t). 

loc 



(5.25) 



Note that Aj(t) may compete with the main terms for t near t c but decay rapidly 
Proof. We first estimate ||??(t)||^p- It suffices to estimate rj± with 



(5.26) 



r ]± (t) = e L ^ V± (t c ) + [ e L ^P±{F L ± + e^ e J{F]}ds. 

Jtc 

By Lemma 12.111 we have 

\\v±(t)\\ LP < e L ^ V± (t c ) r +f t a p (t-8){\\F L± \\^ + \\F\\ l/ }(8)d8. (5.27) 

By LemmaEOa we have We^'^ rj±(t c )\\ Lp < |Ai(£). By (|3T49jl and ([B30]) . we get 

II^Lill L P'nL9/BnL3/2 < |0| [Nil lp + " _1 |«l + M] Z 7 2 • 7- (5.28) 
From this, (1Q3D . (IQTL and Xi < np 2 , we get 

/ & p (t - s)[\\F L ±\\ LP , + \\F\\ LP ,]{s)ds < f a p {t- s){ ni {s) 2 + 5 2 {s))ds. (5.29) 

Recall 7 2 ~ \qo\ 2 + n 1Q \q Q \ + p 2 c . By ([521), Re A ~ n 4 and /* |t - s|- CT e" a ^~ s )ds < a^ 1 , 

rt 

*p(t-s)n\q \ 2 (s)ds< / a p (t- s)n\q \(t) 2 e-^ RcXo ^ s) ds 



(5.30) 



< Cn 4CT - d |g r(i)- 



The integral of nn 10 |go|i part of (52, is bounded in the same way by Cn^ a 1 ^ +ll \qo\(t). 
For p 2 , we have 

/ Op(t - s)np 2 c ds < np 2 c (t - tc) 1 -* = n^^l 2 ■ p 2 c n a / 2 T 1 - <T (5.31) 

Jt c 

where a > is to be chosen and T = n 4 (t — t c ). Let A = |n _4 ReAo which is of order 1. 
If AT < 10 log i, then n a l 2 T l -° = o(l) if n is sufficiently small. If AT > 10 log ±, then by 

dsn 

p 2 c T x ~ a < CnMt^T 1 -* < Cn\ qi) {t)\e- 2AT T l ~°. (5.32) 

Since e~ AT < n 10 and e -AT T i-* < C, it is bounded by Cn u \q (t)\. 

Using (|4.59[) . the error term (^(i) = rry(i) A2(t) + reAf(i) is bounded by n 7 ^ 3 p 2 when 
£ > i+ and by n 7 ^p 2 + ?i/5q (i)~ 7 / 6 when t < . The term n 1 ^ p 2 is smaller than the main 
term tt-7 2 in (|5,29p and can be absorbed, while 



np 2 (t)- 7 ^dt<np 2 c 



(5.33) 



which can be checked using p c ~ pq for i c < Ai and p c ~ n" - x i c 1/2 for i c > At. 
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Thus the integral in (|5.27p is bounded by n <Jl 7 2 with o\ = 4cr — 3 — a, and we have 
shown the first estimate of (|5.25p for ||r/|| LP . 



Next, we estimate 1 1 77 1 3 ) 1 1 ^2 . Decompose rj±^ = Y^j=iV±j> where 77^ are 
explicitly in (|3.52p and (|3.62p with to = t c . From Lemmas 12.131 and 14.61 we get 



„(3) 
"±,1 



< -A 2 (t), 



(3) 
V±2 



L? ~ 4 

loc 



<l.C 3 np 2 c (t-t c )- 3 / 2 <\A 2 (t). 



defined 



(5.34) 



By (I3T63D and (IQOl) . we have 

\fkl\ + \6fkl 



< ra|% 2 + n-y\p\ < n(^ 2 )-f 2 + n-y(n A -f + Try 2 ) 



< n 5 >y 2 + n 2 7 3 . 
By Lemma 12.131 again and ■y(s) < y(i) for s < t, we obtain 

'(t _ s )-3/ 2 [n 5 7 2 + n 2 7 3 ](s)rfs < [«V + n 2 7 3 ](t) 

rt 



(5.35) 



„(3) 



< 

loc " t-c 



(5.36) 



Finally, 



(3) 
V±4 



loc 



is bounded by J t a^t — s)I±(s)ds by Lemma \2. Ill with 

h = \\Fl±\\lsJZc\L 3 / 2 + \\ F ~ -^illL 9 / 8 nL 3 / 2 ~ 7 3 + $2 



(5.37) 



by ([5728]) and pr2"3> . Using 5 2 (i) = n^(t)K 2 {t) + nAf (t) and the explicit form of Aj in 
(I4.58P together with the integral bound (|4.34|> . we get 



„(3) 



r2 < f «oo(t - s)[7 3 + S 2 ](s)ds 

L loc Jt c 

< 7 3 (t) + up 2 (t)- 7 / 6 + n 5 V/ 3 < 7 3 (t) + o(l)A 2 (t). 
Summing the above estimates, we get the second estimate of (|5.25p for ||?/ 3 ^||r2 



(5.38) 



□ 



Lemma 5.3 (Bound states estimates) There is a uniform in n constant D\ > such 
that for all t c < t < t Q , we have 



\qo(t) - q (t c )\ < — E±n- X p% (t c < t < *+), 

\qop\ € [e |( R eAo)(t- S ) )e I(ReAo)(t- S ) ]) (t + < s < t ), 

W(s)\ 

ZH(t)<J— 7 (t), \a(t)\<D lJ (t) 2 . 
V 7o 

Proof. First we estimate qo(t). From Lemma 13.7] we have 

q {t) = (ReX )q + Y qo+go, \qo ~ Po\ < nj 2 , | Re(F )| < Cn 2 j 2 < n 4 . 
Here Y = Y + AmI^I 2 - Moreover, from (13321) . (I5TT7P and ([CTIjl . we have 



(5.39) 



(5.40) 



Pol < C[n 5 7 2 + n7 4 + ^7 ||r/|| L 2 + n7 



(3) 
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A 2 

loc 



+ + < o{l)n% \ +S 3 , (5.41) 



where 5 3 = C(n 6 ( 6 ~ p )/ p A? + 7 2 A 2 + X{). If t < t+, by g39} 2 , and (^331) . 

w < ^ <r 7/6 + ^ + n 7 2 p 2 + n 2 V, 

/■tt (5.42) 
ko(t) - qo(t c )\ < / Cn 4 | go | + 5 3 (s)ds < o(l)(\q (t c )\ + e^ -1 ^), 

This shows the go (*) -estimate for i < i+. Suppose now i+ < i. By (|4.59j) ^. (|5. 14[) ^ . and 
([BTTDjl . 

* 3 (*) < n 6 ( 6 -^V /3 Pc /3 ) 3 + 7 2 n 1+CT2 p c 2 + ™ 2 'V « n 4 |g |- (5.43) 
Since ReAo > is of order n 4 , Eq. (|5.40p gives 

1 3 

< -(ReAo)kol < j t \qo\ < -(Re A )M, (5.44) 

which implies the estimate of |<7o(*)l f° r t > tt- 

Next, we estimate Zjj{t). For any k > 1, by Lemma [3?7l we have 

= X] Awlftl 2 ?*; + + 9k, Wk ~Pk\ < Cn-y 2 . (5.45) 
l>i 

Moreover, we have 

\D kl \ < Dn 2 , | Re(F fc )| < Dn 2 \z \ 2 , Re(D kl ) < -^-n 2 , VZ > 1. (5.46) 

So, we have 

j{\q k \) < -^E^l'^l + ^^Pbl + kl- (5.47) 
l>i 

Let fit) = (£i>i h\ 2 ) 1/2 - We have f(t c ) < p c and 

/(*) < -^/ 3 + 2Dn 2 \q Q \ 2 f(t) + ]T | 5fe |. (5.48) 

fc>l 



On the other hand, from (I3.92f) . we have 



\g k \ < C[n 7 4 + nV + ^7IMIl 2 + nj r]^ n + n 7 X„ + X] < o(l)nV + <*4, (5.49) 

loc £ 2 

loc 

where 5 4 = C(n 7 n 6 ( 6 "P)/PAf + n 7 A 2 + Xi). If f < t+, by g3SD 2 , (^Ti]l o and (15351) 

/■£ (5.50) 
\f(t) - f(t c )\ < / Cn 2 p\ + 5 4 (s)ds < Cnp 2 « Pc . 



Thus /(*) < p c for t < i+. When i+ < t, since <5 4 (t) < n 2 7 5 + n 2+CT2 7 3 + n 2 ' 8 7 4 < n 2 7 3 , for 



7=l^) 1/2 7, 



/(t)<^[7 3 -/ 3 ], (t>t+). (5.51) 



52 



Since 7(f) is nondecreasing and f(t£) < 7(iJ), by comparison we get 

f(t)<7(t), Vt>t+ (5.52) 
Thus z H (t) < f{t) + \f(t) - z H (t)\ < 7(t) + Cn 7 2 (t) < y^f 7(*)- 

Finally, we estimate a(t). By (|3.39|) and Lemma fHTSl a = + (b — b) + b, where 

l« (2) l<nV, |6-6| ^Cryy^ + nlHI^ ] < Cn 2 7 2 , (5.53) 

loc 

and 

Using a(t c ) = 0, 



d 6 = 6 + B k i\z k \ 2 \ Zl \ 2 + g b . (5.54) 



|a(t) - 0| < |a (2) (t)| + \a^(t c )\ + \(b - b)(t)\ + \(b - b)(t c )\ + \b(t) - b(t c )\ 

From (|3.34|) . bo(t) = boo\zo(t)\ 2 with 600 = 2 Im kcq(Q 2 , UqUq) and |6oo|ra -4 < C4 for some 
explicit C 4 = 0(1). We also have |Sfc/||zfc| 2 k/| 2 < ^ 2 7 4 and 



b 6 | <C[7i 3 7 4 + ^/3 2 ko| 2 + n/3 & + ^|zolh|| L 2 + nX x + ?i 7 ^ t/ 3 ) q + n 7 X p ] 

loc 



"^loc 



(5.56) 



< O (l)n 4 |z | 2 + Cn 2 7 4 + 5 5 , 
where <5 5 = nXi + (n 2 z L + n7 2 )A 2 + n 7 n 6(6 / p_1) Af . Thus 

\a(t)\ < Cn 2 j 2 (t) + [\c 4 + o(l))n 4 \q {s)\ 2 + Cn 2 7 4 (s) + 5 5 (s)ds. (5.57) 

By (1521), 

Ac 4 + O (l))n 4 | go (s)| 2 ds< ^ 4 n 4 |g (t)| 2 r e -!^A Q (t- s ) ds <^4^| go(t) |2 (5 . 58) 
Jt c 5 y 4c 5ReA 

Moreover, by the definition of 7, 

f Cn 2 1 \s)ds < [\n 2 \q \ 4 + n 22 \q \ 2 ](s)ds + n 2 p\{t - t c ). (5.59) 

Jtc Jtc 

The integral is bounded by n _2 |<7o| 4 + n 18 |<7o| 2 = o(l)|<7o| 2 similarly as in f)5.58p . while the 
last term is bounded by n 2 /3 4 Cn -4 log j^jp = o(l)p 2 . Thus this term is o(l)7 2 . 

For the error term // S 5 (s)ds, if t < t+, by (|459> and (IBTTill o we have 

S 5 (s) < n 2 p 2 (ty 7 / 6 + n 3 V + (n 2 \q (t c )\ + n 7 2 )(p (ty 7 ^ + np 2 c ) 

+ ni (t c ){pl{tr Z ° + npt) (5.60) 
<n 2 p 2 (ir 7/6 + o(l)n 4 7 2 . 
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Thus, using (15351) . we have ft c S 5 {s)ds < o(l)n-/(t c ) 2 . lit > t+, by $DM) 3 and §5jZ§ 3 we 
have 5s(s) < n 3,8 7 4 + n 2 jn 1+(72 p 2 + wynp^ = o(l)(n 2 7 4 + n 4 7 2 ), which is dominated by 
other terms in (|5.57p . 

In conclusion, we have shown 



\a(t)\< Dl ^(t), D 1 :=^ = 0(1). 

This completes the proof of the Lemma 15.31 
The above finishes the proof of Proposition 15.11 

We now prove the following out-going estimate of r\ at t . 

Lemma 5.4 For some C5 > 0, for all t > t Q , we have 

e^S±ito) < Ai(t) := Ai(t) + C 5 n- 2 p (n- 4 + t - t )~\ 

LP 

5 (t_to) V(to) 2 < A 2 (t) := A 2 (i) + Csnp 2 (* _ * o )-V6 

+ C 5 p|] (t - t )" 1/6 n" 4 (t - 1 + n" 4 )" 1 
+ C7 5 n-V /3 Pc + Pc)(* " *o + n" 4 )- 7 / 6 . 

Proof. For all t > t D , we have 

e L (^) ??± (t ) = e L (*-*«)»7 ± (t c ) + r e L (*- s )p±{F L± + Je*[F]}da. 



(5.61) 
□ 



(5.62) 



(5.63) 



We first bound it in LP. By Lemma 14.61 the first term is bounded in LP by Ai(i). The 
second term is bounded in LP as in (|5.29j) by 



< 



f° a p (t - s)[\\F L± \\ LP , + \\F\\ LP ,]ds 



< 



to 



ap(t-s)[n-y 2 (s) + 52{s)}ds. (5.64) 



Note nj 2 + 5 2 ~ n|g | + « l?o| + ™Pc + <*2- By ([53]), 



to 



a p (t-s)n\q \ 2 {s)ds< ^ j " a p (t - s^ple'^^^ds. 



to 



(5.65) 



Using 

'■to 



f ° \t-s\- a e- {t °- s)IT ds< !° \t-s\- a e- {t °- s)/T ds< f° \t- s\-° ds <T{t-t + T)- a 

J Jto-T Jto-T 

(5.66) 



-4\-<7 



with T = 4/ Re A ~ n" 4 , (|535|) is bounded by Cn^ 3 pg(t - t D + ri 

Similarly f*° a p (t — s)n n \qo\(s)ds is bounded by n 11 pon~ 4 (t — t a + n _4 ) _<T . 
Let t}. denote the first time in [t c ,t ) so that |go(i)| = Pc- When t > t/-, the integrand 

p 2 is dominated by |go| 2 and can be absorbed. By (|5.7p . i — ^ n _4 log -p-. We have 



p (f - s)np 2 c ds < np 2 c \t k - t c \\t - t k \ a . 



(5.67) 
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Using 



pl<etnqo{t c )<\e^n Pc e-^^\ 



(5.68) 



and n 4 \t k - t c \e~* Re A °(*fc-* c ) < C, the integral in (pTBT)) is bounded by Cn~ 2 p c \t - t k \~ u . 

Using (|4.59j) . the error term <$2 (i) is bounded by n 7 / 3 p 2 when t > i+ and by n 7 / 3 p 2 + 
np§ (t)~ 7 ^ 6 when t < . The term n 7 ^ 3 p 2 is much smaller than the main terms and can be 
absorbed, while by ([5. 331) , 



a p (t - s)npl (s)- 7/G ds < npl\t - t c \~° '. 



(5.69) 



Summing the above estimates gives the first estimate of Lemma 15.41 

For the second estimate, we have r/±(t ) = 7]±\t ) + 7]±\t ). By (|3.52[) . (|3.62[) and 
(|3.64p with to replaced by t c , we have for r = t — t Q > 



e Lr ^(io) = eM 2) (*o) + £e L ^g.(t D ) 



(5.70) 



with 



e LT ^S(to) 



eNgUO = e^) L ??± (t c ), e L ^i 3) 2 (0 = -e^N^c). (5.71) 



to 



e (i- s )L eT tf( s ) n± ^ !6fim ( Re R kie -^isf kl =p i Re R kl e-^' s 8f kl ) (s)ds, 



- Lr V ( ±\(to) = [ ° e^ L P±{F L± + Je^ ie [F - F^ds. 

Jt c 

From the explicit definition of r]± (t Q ) in (|3.62|) and Lemma 12.131 we obtain 

e LT v { I\to) <Cnp 2 (t-t o y 3 / 2 . 



By Lemma 



loc 



C 2 (io) l2 <C 3 npi(t-t c ) 

loc 



-3/2 



(5.72) 



(5.73) 



(5.74) 



As in (|5.36p and (|5.38j) . we obtain 



e^fag, + V± A )(t )\\ L2 < f° «oo(t - s)[n^ 2 + 7 3 + 5 2 ]( S )ds <h+I 2 + h, (5.75) 

loc tc 

where Ij are integrals over the same time interval with the following integrands 

(n 5 M 2 W 5 ko| + M 3 W 5 ko| 3/2 ), tn 7 l*pl + pl)l [tcM , npl{s)- 7 l*l [tat] . (5.76) 
Then 



hit) < / ««,(* - s)ple- l * RcX ^°-^ds < pi 
<pl (t-Q-^n-^t-to + n-*)- 1 . 



t n -n- i 



(t-s)~ 7/6 ds 



(5.77) 
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With constant e = n 7 ^pl + p% using (f^U5|) and n 4 (t k - t c ) e -Re|A (i fc -t c ) < ^ 
h{t) < / - s)eds < e(t - t fc )- 1/6 (t fc - t c )(t - tc)" 1 

Jtc 

< e(t _ tfc )-V8(t _ g^n-V^ - ^np^e-^^o^-tc) ( 5 - 78 ) 

< e^n" 3 (n 7/ V + Pc)(t " t k )- 1/6 (t - t c )-\ 

Finally, I%{t) < J* 4 * c aoo(* — s)n.po (s)~ 7 ^ 6 ds < (t — t c )~ 7 ^np^. Summing the estimates we 
get the second part of the Lemma. □ 

6 Dynamics away from bound states 

In this section, we study the dynamics of the solution ip(t) for t Q < t < t{, where t a is 
the time it leaves 2po neighborhood of first excited states, and ti is the time it enters the 
po-neighborhood of ground states, to be defined in (I6.73p . In this time interval we use 
orthogonal coordinates and decompose 

K 

^(i) = ^x i (i)0 i + e(i), £(*)€Ef°, (t>t a ). (6.1) 

3=0 

We first estimate Xj(t ) and £(t ) in Lemma |6,1| for which we recall some definitions. 
Recall that At = n~ 2 ' p^ 2 = n~ 2(2+<5) , < a <C 1 is fixed and < 5 < Moreover, 
t 7 - < p < 6 is fixed, | < a = 3 ^ 2 ~ 3 ^ < |, and a' := 3 ^ 2 ~ 2 ^ > cr. Recall from Lemma [5TH that 
A 2 = A 2 1 + A 2 o with 



(6.2) 



A 2 ,i(t) := A 2 (t) + Csnp 2 (< - to )" 7 /6 + C5n -3 (n 7/3 pc + p 2 )(i _ ^ + n -4)-7/ 6j 

A 2 ,i(t) := C 5 p 3 <t - O" 1 / 6 n" 4 (t - t G + n" 4 )- 1 . 
We also define 

3 

A 3 (t) :=3A 2 (t) + C 6 n 3 (l + t-t D )- 3 / 2 , A 4 (i) := A 4,i(*)> (6-3) 

where 6*6 is some uniform constant defined in (|6.14p and 

A 4 ,i := C 6 n- 1+ ( 4+2 ^(At + t)- ff+a , A 4 , 2 := C 6 p (l + t - t )~^ 
A 4 ,3 :=C 6 n- 1+6 (n- 4 + t-t )- a . 



(6.4) 



Note that A 4j i is the second term in Ai and comes from the out-going estimate at t c ; A 4j3 
is from the out-going estimate at t a and A 4;2 is from (|6.14|) . Also note that 

., 5p-i8 r 5n — 18 5 

A 3 (t)<3C 6 n 3 , A 4 (t)<2C 6 n— +S + C 6 p Q (t-t o r°, > -. (6.5) 

p 3 
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Lemma 6.1 At t = t Q we have 



(1.9)n 1+s < \x \ < (2.1)n 1+<5 , ( V \x k \ 2 )^ < 6W — p , (0.9)n < IxJ < (l.l)n. (6.6) 

k>i v ,u 



Moreover, we have for all t > t Q 



^loc 



-i(t-t ) 



Proof. For all < t < t , we have 



K 



^J=[Q + a{t)R + C + V ]- iEt+ie = Xj4>j + C 

j=0 



(6.7) 



(6.8) 



Here Q = Qx >n <t c )- Recall n(t c ) = n + 0(n 1+2S ) by substituting (|6.8p with i = into 
n = |(0i, ^o) |- For j / 1, taking the inner product of (I6.8j) at t = t with cfij we get 



Ix^to)! = 0(n 3 ) + (1 + 0(n 2 ))|^ )|, (j ^ 1). 



We also have 



Mt )l = (^l, Q) + 0(n a ) = n(t c ) + 0(n 3 ) = n + 0(n 1+25 ) 



(6.9) 
(6.10) 



Since \z (t o )\ = (1 + o(l))2p and zjr(i ) < ^6D/ l0 (l + o(l))|jzo(t )|, we have ([ESI). 
Next, we shall prove (|6.T|) . Denote := iEt Q — i0(t o ) and 



A 



e e * x 3 {t )<Pj, C = e e *£{t ), rf = rj{t ). 

j=0 



From (|6.8p . we get 



r = °{Q + «(* )^ + c(t ) + x*}. 

We write £* = £J + £2 + £3 where 

^ := WQ + a(i )i? + ^ z,-(t )«+ + J] ^(i 



(6.11) 



(6.12) 



(6.13) 



From the explicit formulae of Q, R, u~j~ , we see that £* is localized and ||£f || < n 3 + n|o(t )| + 
max^yi \zj\n 2 < ?t, 3 . Therefore, for all t > t Q , r = t — t Q , by Lemma 12.51 and Lemma 12.101 
we have a uniform constant Cq > max{C3, C5} such that 



-ir Ho 



Ci\\ L 2 <-C 6 n 3 (l + r) 

loc Zi 



-3/2 



|e-^ 1 *|| iP <-C 6 n 3 (l + r)- CT ', 



'^alL* < ic 6 n 3+<5 (l + r)- 3 / 2 , ||e-^£ 2 *|| LP < ^C 6 po(l + t)~° . 

loc Z ^ 



(6.14) 



Here for r < 1 we have used ||e ir ' ffo ^|| £ p < ||^2 1 1 m ~ ko(*o)|- Next, we estimate e itH °£* 
in L 2 loc and L p . Note [e^ 7 "^ 0- ^] = e rJ ^ H °~ E ^[Q]. Recall that 



L = J (H — E) — W, [rf] =e i6 ^r 1 X + e-^rf_, ri* ± = V± (t ) , (6.15) 



i0(t o )* 
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for some localized potential W of order n 2 . By Duhamel's principle, we have 

e rJ(H -E)^ = P*° e TL fo*] + [ T e J ^ E ^ T ^P^We Ls [r]*}ds. (6.16) 

J o 

From Lemma 15.41 we get 

e rJiH -E )m <Y,VW ± \\ LP + Cn^ [ T \r-sr'\\e^ ± \\ L2 ds 
LP ± ± Jo toc 

< 2Ai(t) + Cn 2 V f \t- s\- a '\ 2 (s + t Q )ds. 
m Jo 



(6.17) 



± 

Using the fact that 



f (t-s)- ft (e _1 + s)"^ < Ce^-^e" 1 +t)~' 31 , < ft < 1< /? 2 , 

JO 



(6.18) 



we have 



n 2 ( \t - s\- a 'A 2 (s + t )ds <Cn 5 p {t-t o )~ a ' +Cp (At + t)~ a ' (6.19) 

which is o(l)po(t — t Q )~ a . From this and (|6.17p . we get 

\e Tj{Ha - E) m\\ Lp < 2Ai + o(l) P0 (t - t )~°. (6.20) 
Similarly from f|6. 16|) with aoo(t) = min{t -3 / 2 , i -9 / 10 }, 

. <Y,¥^V\\ l * +Cn 2 J2 [ T &oo(r-s)\\e^ V * ± \\ L2 ds 

L loc ± loC ± JO loc 

<2A 2 (t) + Cn 2 V / a oo (r-s)A2(s + t )ds<3A 2 (t). 
_i_ Jo 



(6.21) 



So, (|6.7p follows from (|6.14p . (|6.20p . and (|6.2ip . This completes the proof of Lemma IBTT1 □ 

For j G {0, 1, • • • , K}, let fj := \pj{t)\ 2 , where pj is the perturbation of xj defined in 
Lemma l3.2i Since -^\p\ 2 = 2Kepp and are all purely imaginary, from (I3.10P we have 

K 

fj = £ 2(Re 4b)fafbfj + 2 Re Pjg 3 . (6.22) 

a,b=0 

Let 

if if 

/ = fh h = J2 2 ~ l fl, 7 == min{ 7 l for a, b > 1} > 0. (6.23) 
1=1 1=1 

Then, from (|6.22|) . Lemma 13.21 and as in |28} (4.58)], we have 

j t (f + f)(t)<2(K + l) max \p l9l \, ^(/„ + h)(t) > -2{K + 1) max \pZ l9 i\. (6.24) 
Moreover, we have the following lemma. 
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Lemma 6.2 Assume as in Lemma \3.S\ We have 

K 

fo > 2 7 / 2 /o + 2Re/2o9o, / < -4 7 /o/ 2 + E 2Re /^- (6.25) 

1=1 

Proof. From (|6.22p and Lemma 13.21 in particular (|3.12p . we have 
K K 

f - 2 Re fl g = E 2 Re(d° ab )f a f b f = E [2(2 - ^) 7 ° 6 - 4(2 - ^) 7o a fe ]/a/J . (6.26) 

a,b=0 a,b=0 

Note that 7 g 6 = for any a and b. Thus 

/o - 2 Re [i go = E 2(2 - 5 b a ) 1 ° ab f a f b f > 2 7 / 2 / . (6.27) 
This proves the first part of (|6.25p . For the second part, 

/-2^IteM = X;2 2[(2-^) 7 i 6 -2(2-«5f) 7 f 6 ]/ M, 

1=1 1=1 a,b=0 

K K K K 

= EE 2 K 2 " $V«6 " 2 ( 2 " tfbft]/«M + E E " 4 ( 2 " SMfofbfl- (6.28) 

6=0 n,l=l 1=1 b=0 

By switching a and I in the terms with factor 7 ^ fe , the summands in the first sum become 
—2(2 — 8\)^ff b f a fbfi < 0. The summands of the second sum are also nonpositive. Keeping 
only terms with b > in the second sum, we get 

K K 

f - 2 E ^ Ml < -4 E ( 2 " S lhlbMbfl < "4 7 /o/ 2 . 

1=1 b,l=l 

This proves the second part of (|6.25j) . □ 
The following proposition estimates the solution in a time interval containing [t , £j]. 

Proposition 6.3 Let 8 6 (t) := (%{t - t D )~p . For all t £ [t ,t + ^n" 2 ( 2+5 )] ; we have 
^ — ol x iWU ^^ 

(6.29) 



- < max|xj| < (EjLol^iC*)! 2 ) 2 ^ 2n ' 

3 



wmwiz < n 3 ~ a + s 6 (t), \\at)\\ LP < n 3 ~ a \t -to\^ + ?A 4 (t). 



Proof. Since (|6.29j) holds at t = t , we then prove it by using the continuity argument. So, 
we can assume the following weaker estimates: For t Q < t < t Q + ^n~ 2( - 2+s \ 

< max\xj\ < (Y,f=o\xj(t)\ 2 )^ < 3n > 
U(t)hf <2[n 3 ~ a + S G (t)]<n 2 , (6.30) 

loc 

U{t)\\ LP < 2n 3 - a \t-t \^ +3A 4 (t) < n 2 ' 7 + 3A 4 (t). 
In particular 11^(^)11^2 + ||£(*)IIlp "C n.. The proof of Proposition 16.31 follows from Lemma 

loc 

16.41 and Lemma 16.61 below. □ 
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Lemma 6.4 For all t G [t ,t + 2 ( 2+(5 )] ; we have 



3-ai 



5=£ 3 



Proof. For all t - t Q < Cn~ 2( - 2+s \ by (PUD , we have 



IKWIIlpS" 



3-a- 



2(2+S)(6-p) 



"5 + A 4 (t) < C[n 



(5+,5)p-6(2+o) 



+ 3A 4 (i)]- 



We have 



= e-^-^^to) + f e- iHo( - t -^P c r 1 G(s)ds. 



So, we have 



II^)IIlp<a 



i(<)+c Tit 

J to 



3(p-2) 



Note that ||G|| iP / < ||G 3 ||^ + \\G - G 3 - < 2 £||^ + H^\\ LP ' and \\G 3 \\ Lp , < 
other hand, from Lemma [3TTT (|6.30p and (|6.32[) . we get 

\\G-G 3 - < 2 Z\\ LlnLp/ < n 2 U\\ Llc < [n 5 ~ a + n%(t)]. 

On the other hand, using Holder's inequality, we get 



2(p-4) p+2 



2(p-3) p 
\2t\\ ^ \\t\\ P-2 lltllP-2 



\\< 2 i\\ Lv . < uwjr* neii£p 2 , ||i^e|| L1 <iieii L r 2 uwb 2 ■ 

From this, f)6.32j) and since < 5 < jq, we get 

2(p-4) p+2 

Ik^lL' < u\\ L r 2 uwb 2 <o(i)[n 5 ^ + A 4 (t)^ 

By (KT351) . and flOTj) . we have 

,3 



P+2 

2 



Therefore, using cr2±2 > 1, 



\\G(s)\\ LP , <C[n d + (l)5 2 (t)], $ 2 (t) := [ Po (t-t )-]p 

P+2 
p-2 

(f-f)r„3 



P+2 
2 



||C(t)|| L p < A 4 (i) + C / |t - sp"? V + o(l)5 2 (s)]ds 

Jto 

, t£ 3 

< Cn A \t-t \ 2 f +-A 4 (t). 

So, we have proved the estimate of ||^(i)||^p- 

We now estimate ||£(*)IIl 2 • By (|3.5j) . ()3.6|) . (16.30P and Lemma Ell we have 



ei 3) (*)| i2 <A 3 (t), ||^ 3) (i)|| L2 <n 3 (l + t-t )~ 3 / 2 . 

loc loc 

By (|3.6p and the estimate of maxj \v,j\ in Lemma 13. 11 we get 

#(*)| i2 < f\l + t-s\-V 2 n b ds< 

loc J t n 



n 5 . 
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For Q (£), bounding its integrand by either L°° or L p -norm and using (|6.35p , we have 



d 3) (*)|| L2 £ rmin{|i- S r 3 / 2 ,|t- S r^}||G-G 3 -^ 2 C 



2tll j„ 

L i nL p' 



< / min{|t-s|- 3/2 ,|i-sr^ i }[n 5 - a + n 2 5 6 (s)]ds 

to 



(6.42) 



<n 5 - a + n 2 <5 6 (t). 
For £5 (£), bounding its integrand in either Lp~ 4 or L p , we have 



^ 3) (i) r <C I mm{\t- S \-i,\t-s\-^}\\\et 



3(p-2) 



to 



2p 

Lp^nLp' 



ds. 



By (16361) . 2±!>2and2<^<p because f < p < 6, 



p+4 

U\\ 2 LP <o(i)U\\ 2 LP . 



(6.43) 



(6.44) 



Therefore, by f|6.30j) 

;(3) 



6 3(p — 2) 

< / min{|t- s|~?,|t-s| ^}[n 5A + Al(s)]ds 

loc " Lo 

,5.4 



where 



< o(l)[n bA + A 4 (ty + 5 7 (t)}, 



S 7 (t) ■- pl(t - t ) p +n^^(n- A +t-t Q ) p, 



(6.45) 



(6.46) 



and we have used § < a < §, (16. 4ft . and (14.34R with a = 6/p < b = 2a - 2a, (or b = 2a). 



(3) 

Collecting all of the estimates of Q with j = 1, 2, 3, 4, we have 



£ {3) W 2 <A 3 (t) + Cn 5 + (l)[A 4 (t) 2 + 5 7 (t)]. 

L loc 

By ([63]), we have A 3 (i) < n 3 and A 4 (t) 2 + <f 7 (t) < n 3 + J 6 (i). Thus 



-^oc 



+ 



£ (3) (i) 2 <Cn 3 + o(l)<5 6 (t). 

^loc 



This completes the proof of the lemma. 

Lemma 6.5 For t G [t ,t Q + ^n" 2 ^ 5 )], i/ie error terms gj(t) in (|3.10j) satisfy 

\ 9j {t)\<o{l)n % - 7+5 + Cn 2 g(t), 

where 



g(t) := A 3 (t) + o(l)[n 1+35 (t - t )~^ + A 2 (t) + «y 7 (t)] 



satisfies 



g(s)ds < o(l)n s- g(t) < o{l)npl, V t > t Q + n 



to 



(6.47) 

(6.48) 
□ 

(6.49) 
(6.50) 

(6.51) 
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Proof. Recall lETITl) . 

2(p-3) 



bi(*)l<n'+" 2 ^ r2 +nU\\h +UWJ- 2 U\\B- (6-52) 

(oc 



From ([OID and ([633), we S et 

C (3) , <n 2 A 3 + Cn 7 + o(l)n 2 [A 2 + ,5 7 ], 

loc 

nU\\% <C[n 7 ~ 2a + n5 6 (t) 2 ], 



n 2 



(6.53) 



loc 

P_ , . 5+3S 



and, using [n 2 - 7 + A 4j i + A 4j3 ]p- 2 < o(l)n 2 

2(p-3) P 2(p-3) p 

loc 

<o(l)[n 6 ' 7+i +„i!{t-t<,)-S]. 
Summing the estimates we get (|6.49|) . The estimates (|6.5ip follow from direct checking. □ 
Lemma 6.6 For all t £ [t ,t + ^n" 2(2+(5) ] ; we have 

\n < max \ Xj (t)\ < (£f =0 |xj(0| 2 )^ < 2n - (6-55) 
5 j J 

Proof. From the first equation of (|6.24|) . (|6.5ip and 5 < ^j, we get 

(/o + /)(*) < (/o + f)(t ) + Cnmax f \g 3 (s)\ds 

3 h 



< (/o + /)(to) + C[o(l)n 7 - 7+5 (t - t ) + n 3 / g(s)ds] 

Jto 

< (/o + f)(to) + o(l)p 2 < [1 + o(l)] (/o + /)(i ). 



(6.56) 



By PH]) . we have [l-o(l)] £V N 2 <fo + f- B Y LemmaEj] we get (f + f)(t o ) < 

2n 2 . It follows from (15361) th at (Ylf=o M*)| 2 )^ < 2n - 

Similarly, by integrating the second equation of (|6.24p . we obtain 

(/o + h)(t) > [1 - o(l)](/ + h)(t ). (6.57) 

By (13. lip . (I6.30P and the definition of /o, h, we get 

(/o + h)(t) < Ef= 2~ fc + o(l)] max \ Xj (t)\ 2 . (6.58) 

Therefore, 



2max|x i (t)| 2 > [1 - o(l)](f + h)(t ) > [1 - o(l)]-\ Xl (t )\ 2 . (6.59) 



is" 

Hence rnax^ |^(t)| 2 > fj for all t G [t , i + ^n" 2 ( 2+<5 )]. □ 
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Proposition 6.7 There exists ti such that t Q + jj^ n 4 log ^ < tj < t + 4 2,5 and 

K 

£ < |x (ti)| < 2n, (0.9)po < M*i)P) 1/2 < (l.l)po- (6-60) 

5 3=1 

Above 7 = max{l, (% 6 )_ : Va, 6, Z = 0, . . . , K} and d l ab = O(l) are given in (|3.12|) . 

Proof. By Lemma 16.61 we already have \xq\ < 2n. The proof is divided into four steps. 

Step 1: Let t\ := t Q + n~ 3 . For t <t<h, for any j, by (I6T22D . ([6T30D . (|B^5jl . and (I63TD . 

we get 

!/*(*)- /i(*o)| < /V + %i(s)|]^<n 3 +™ t [n 2 g(s)]ds < o(l)p 2 . (6.61) 

In particular, for j = 0, 1, we get 

[l- (l)]/,-(t ) <£(t) < [1 + 0(1)]/,^), ViG[t ,ti]. (6.62) 

By (|3.1ip and the definitions of we get 

[l-o(l)]|x j (t )| < |xj-(t)| < [l + o(l)]|ay(t )|, ViG [t ,ti], J = 0, 1. (6.63) 

Together with (|6.6p . for t G [ic»*i]j we have 

l-8/9o < |a:o(<)| < 2.2p , 0.8n < |xi(i)| < 1.2n. (6.64) 

On the other hand, for j > 1, from (|6.6ip . we obtain fj(t) < fj(t ) + o(\)pq for t G [t OJ *i] ■ 
So, by (|3.1ip . (|6.6p . and the definition of fj, we get 

\xj(t)\ < [l + o(l)]/ J (t) 1 / 2 < 7J-po, Vi G [i ,ii], Vj > 1. (6.65) 
Step 2: Let us define 

r? 

t 2 := sup{t > h : / (s) < — , V s G [t l5 i]}. (6.66) 
By ([5"M]) . t 2 < *i- We shall prove that 

*i <*2 <4 -ii + a-Mog-^, a:=2 7 [^] 2 . (6.67) 

OJo(ti) t>u 

For all h <t < t 2 , f (t) < fj. Note h(h) > f 1 (t 1 )/2 > (1 + o(l))(0.8n) 2 /2 > (0.3)n 2 . 
From (|6.24p and Lemma 16.51 we get 



h(t) > (/ + h)(h) - f (t) - 2(K + 1) / max| Mj -||#|(s)da 

7i n j 



> (0.3)n 2 _ _ Cn f [n 6 ' 7+5 + n 2 5 (s)]ds > " 
10 Ju 



tr 

ioo' 



(6.68) 
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By (j525J), (lOUD and (jB^Sjl . we have, for t G [ti,t' 2 ], 



,2 



fo > 2 7 / 2 /o - 2|/i |M > 2 7o (2/ l ) 2 /o - 4n| 50 | > 2 7 [^-] 2 /o - 4n| 5o |. (6-69) 

50 

Note the coefficient of fo is a. Thus 

fo(t) > e^^t/oCti) - 4n f e~< s -^ g (s)ds}. (6.70) 

On the other hand, from (|6.49p . we have 

n [ l e- a{s - h) g {s)ds < n t [n 6 - 7+& + n 2 g{s)]ds 

Jt! Jti ^ (6.71) 

< n ™+S(t - h) + n 3 / g(s)ds < o(l)pl < o(l)f (h). 
Jti 

Therefore, 

fo(t) > ^-^foih), Vt€[ti,fe]. (6.72) 

2 

This shows t 2 < t' 2 is finite, and fo{t 2 ) = %• 
Step 3: Define 

*i := sup{t > t 2 : /(*) > Po> V s G [t 2 , *)}• (6.73) 
From (]6.68p . we get U > t 2 . We shall prove in Steps 3 and 4 that 

*2 + TT^^- 4 log - < ti < t 3 := i 2 + -n- 4 " 25 . (6.74) 
10 7 n 7 

By definition of U, we get 

f(t)>p 2 , Vte[t 2 ,ti). (6.75) 
From Lemma 16.21 and (|6.75p . we have 

j t (fo(t)) > 2-VPoMt) - 4n\9o\, V t G [t 2 ,U). (6-76) 
From this and as in (|6.72p . we also obtain 

/o(t) > ^e 2 ^o(*-* 2 )/ (f 2 ) > |j, V t G [t2,ti). (6.77) 

From this, (|6.25p . and Lemma [631 f° r t £ [t±,ti), 

d 



-£(/(*)) < -4 7 /oW/(i) 2 + Cn max \g k \ 
at k>o 

< -^!/(t) 2 + Cn[n 6 ' 7 + 5 + n 2 5 (s)]. 
5 



From this and ([6.75p . (and 6 < Jk), we get 



n 2 7 ^ o , . . n 2 7 Cn[n 6 - 7+5 + n 2 g(s)l / 

Y - CnVo 4 5(*) < Y ■ « — <--^, Vi€[t 2 ,ti). (6.79) 



(6.78) 
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Note that by (|6.5ip . (|6.68p . Proposition 16.31 and 6 < 4j, we have V t > t 2 



n 



-1-45 



](s)ds < o(l)n~ 1 - 45 n^ 2 ( 1 ^/ 3 = o(l)n- ffi ^ ££i < o{l)f{t 2 )~ l 



.80) 



Integrating (|6.T9[) in [t 2 ,t], we get 



f(t) < [f{t 2 )- l /2 + ^(t - t 2 )}-\ V t G [t 2 ,ti]. 



(6.81) 



2 

In particular, p\ < f(t) < [^-(t — t2)]~ 1 , which shows U < ts, and f(U) = p\. From this, 
(|3.1ip and (|6.77|) . we get the estimates (|6.6U|) . Since 



6 1 

ti-t a < (tj - t 2 ) + (t 2 ~ h) + (h - t ) < -n~ A - 25 + Cn~ 4 log - + n~ 3 

7 n 



(6.82) 



by (|6.67p and (|6.64p . we get the upper bound of U — t a in Prop. 16.71 

Step 4: It remains to show that t{ > t 2 + Y^n _4 log^. Recall g(t) < o[l)np^ for all 
t > ti = t + n~ s from Lemma 16.51 By (|6.22p and Prop. 16.31 



f(t) > -9in 4 f(t) - Cn[n 6 - 7+5 + n 2 g(t)} > -10jn 4 f(t), V t £ [t lt U], (6.83) 
where 7 = max{l, (d^ 6 )_ : Vo, b, I = 0, . . . , -ftT}. This implies that 



-*2 > T^log— — > — n log-. 
IO7 /(tj) IO7 ra 



(6.84) 



For the second inequality we have used f(t 2 ) > h(t 2 ) > n 2 /50 by (|6.68p . This completes 
the proof of Proposition 16.71 □ 

At t = ti the solution enters /Oo-neighborhood of ground states and we change to lin- 
earized coordinates. For that purpose we prepare outgoing estimates at t = ij. 



Lemma 6.8 Let U be as in Proposition 6.1 , For any t > U, we have 



-iH (t-ti) 



l , 2 <\[A L ,l(t) + AL,2(t)}, 



-iHo(t-ti) 



m) r <-[AG tl (t)+AG t2 (t)), 



LP ~ 2 



where for some constant Cj > Cq and a 1 



3(P~2) 

2p ■■ 



Al,i(*) 


= 2C 7 [n~ 1 


¥25 {t-t ) 


-7/6 +p(t) 3 + ra 4/5 p(t) 7/3 ]; 


AG,i(i) 


:= 2C7I?!- 1 


+S (t-t o y 


~ a + rT 1+2 ( 2+5 ) a (Ai + i)- CT+a 


Al )2 («) 


5p-18+ 

2n p-2 


p8 

(ti - t ) 


(t-k)-^, 


i 


-to 


A G)2 (i) 


:= 2C 7 n 3 (t 


-to)(t- 


toT a '. 



(6.85) 



(6.86) 
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Proof. Decompose e l (* = x(t) + ■/(£), where 

x (t) := e-^-^ZiQ, J(f) := f' e~ i{t - s)H ° P c G{s)ds. (6.87) 



J to 

Denote T = t{ — t Q . By Lemma 16, II and using n~ 4 log — < T < n _2 ( 2+<5 \ we have 

||x(*)IL J .<A 4 (t)<iA Gil (i), ||x(t)|| LL < A 3 (t) < ^A L ,i(t), (6.88) 
for some C7. By fj6.38f) . we have 

\\G(s)\\ Lp/ < C[n 3 + o{l)5 2 (s)} V8€[t ,U], S 2 {s) = [po(s - to}^} — . (6.89) 
So, we have (using > 2) 



II < C / I* - s\~ a ' \\G(s)\\ Lpl ds<C I \t- s\- a '[n 3 + o(l%(s)]ds 

< Cn 3 T(t - t )-°' + p 2 (t - t o y°' < iA G , 2 (i). 
It remains to estimate ||</(i)ll,L 2 • By ^6-35|) and (|6,36p . 



\\G{s)\\ L ^ LP , < Cn 3 + Cn 2 M(s)\\ lL + o(l) ||£( S )||£; 2 . (6.91) 



5p—l&+p6 2^ 



to 



(6.90) 



By ([OQD and (l63jl . 

||G( S )|| LlnLP , < (l)[n^5=T- + p°"( a - t )~: 

Thus 

|| J(i)|U < C [ U min{(t - s)^ 2 , (t - S )- CT '} ||G( S )|| ilnLP , ^ 



*i ,^ r 5p-18+pi5 



<o(l)/ min{(i - s)" 3 / 2 , (t - s)~ CT '}[n' ~p-2 + p 3 Q /2 ( s - t )~^]ds (6.93) 
./to 

< (i)n 2£ i^ £i -^-(t - 1,)- 1 / 2 + o(i) P i /2 (t - torHt - ur i '\ 

which is bounded by ^A^^it). This completes the proof of the lemma. □ 

7 Converging to a ground state 

In this section we study the solution when it is already inside a neighborhood of the ground 
states. It is similar to the estimates in [31 [29"1 [6l [28], however, it requires a proof because 
the dispersive component has much worse estimates. As in Section 4, for fixed T > ij we 
shall decompose ip(t) as (see (|3.17p ) 

m = [Q ,n(T) + a(t)R 0MT) +C(t) + r ] (t)]e^ Et+ ^ t \ t e %T\. (7.1) 
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We have a(T) = 0, and 

A 



Re 77 
Imn 



e* V + e _< V 



(7.2) 



Denote zj^t) = (Ef=i ki(*)| 2 ) 1/2 - From Lemma CO] and Proposition E21 is valid at 
least for T > ti sufficiently close to ti. We prove in this section that this is true with suitable 
estimates for all T > tj and, moreover, n(T) converges to some n + ~ n as T — > oo. 



Lemma 7.1 There exists Cs > suc/i i/iai ifT>ti and n(T)/n(ti) £ (^, |), fj/ten 



and, for t > t$ 



4 , v 6 



e^-^^iU) ^ <AL(t):=AL,iW + AL, 2 (t) + A L , 3 , 

loc 

e Ht-u) v± ^ < Ag( ^ := Aci(t) + A G , 2 (t) + A G , 3 , 

LP 



(7.3) 



(7.4) 



where Ai i, A^, A G .i a77.d A G) 2 a? ~e defined in Lemma \6.8\. A^^i) = C$n 3 (t — ti) 3 / 2 ; and 

A G>3 (i) =a 8 n 3 '{i-ti)- CT '. 



Proof. At t = ti, with Q = Q n (T) an d 6 = E n r T ^ti — 0(tj) we have 



A 



j=0 



(7.5) 



For each j > 1, applying the projection Pj (see Prop. EU (hi)) to (|7.5j) . we get 
e ie Xj(ti) + 0(n 3 ). By Proposition O we get (|7T5j) . Denote 



A 



m : = e iQ Xj{U)<l>3 -Q- a(ti)R - ((U), m := e ie ^U). 
Then [77] = -P c L [r/i] + P c L [?/2]- Since 771 is localized and of order 0(n 3 ), we get 



(7.6) 



e Ht-U) P±[m] KCsn'it-t,)- 3 / 2 , e^-^P^m] < C 8 n 3 (i - U)^' . (7.7) 



"^loc 



LP 



On the other hand, we have L = J(Hq — E) + W with W = 0(n 2 ) which is localized. By 
Duhamel's formula, 

e L(t-t l )p ± [ r?2 ] = p ±e J(Ho-E)(t-U)^ + f P±e Hts) We J{H -E)s^ ds ^ ( 7 _ g ) 

Jti 

Thus, using Lemma I6THI ||e L ^ _ *^P-j-[?/2] \\ LP is bounded by 



< 



e J(H -E)(t-U)\ m l 



LP 



+ Cn 2 



D J(H -E)s 



L loc 



ds 



< i[A G)1 (t) + A G)2 (t)] + Cn 2 jf \t - s\~ a '[A LA + A L ,2){s)ds, 
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D J(H -E)s 



^loc 



ds 



which is bounded by Aa,i(t) + Ac^it). Similarly, ||e L C *^-P±[??2]|| L 2 is bounded by 

loc 

MHo-m-Wfajj 2 +C7n 2 r m in{|t- S |- 3 / 2 ,|f- S |- CT '} 

loc 

< i[A L ,i(i) + A L|2 (t)] + C?i 2 /" min{|i - s)" 3 / 2 , \t - s\-'}[A Lil + A L , 2 ]( S )ds, 

j ti 

which is bounded by Al s i{P) + A^fiit)- Summing the estimates we get the Lemma. □ 
Denote 

p{t) = p{t - U) = [pf + 70 n 2 (t - U)}- 1 / 2 , 
5 s (t) = n-l^- s \t - Q-Vv + n 6 (t - < o(l)np(t) 2 , 

and 



(7.9) 



:= sup max < 

U<t<T 



{ p(tr l \zH{t)l [2Dp{t)]-Mt)l 
[Acit) + n 7//9 /3(t) 5//3 ] _1 \\r]\\ L p , 
[A L (t) + A 2 G (t) + n-*p(t) 3 + W]- 1 ||r?( 3 ) \\ L , 



(7.10) 



Proposition 7.2 Suppose for T > ti we have n(T)/n(ti) € (|, |) and < 3. Then we 
have M£ < § and n{T)/n{U) £ (§, |). 

This Proposition implies Theorem 11.11 in the case = 0, see e.g. [3j 1291 1^1 128j . 

Proof of Proposition \ 7. S\ The condition < 3 means, V ti < t < T, 

z H (t) < 3p(t), \a(t)\ < 6Dp(t), Wvhv < 3[A<j(t) + n 7 ^p{tf'\ 



^loc 



<3[A L (t)+A 2 ? + n- a / 5(t) 3 + ,5 8 (t)] 



Let 5 9 (t) := A il2 (t) + A L)3 (i). Note 



(7.11) 



A £l i(t) + A 2 G (t) + 5 s (t) < o(l)np(t) 2 , 5}A £J (t) + A Gj (t)] < o(l)p(t). 



Thus 



We also have 



,(3) 



< o(l)np(t) 2 + 3<J 9 (t), \\r)\\ L 2 < Cnpit) 2 + 3<5 9 (t). 



<o(i)p(t), Wvhv < o(i)P(t), te[u,T}. 



Recall that X and X are defined in (pT7T)]) . From (I7TTT1) . (17131) and 



Ir7 3 ll 

I 7 ' I III 



2(P~3) p 

<NI L r 2 ||r?||£; 2 < 



we have 



X < np(t) 4 + [P 2 + n5 9 ]5 9 (t), X < n 2 p{tf + np5 9 . 
On the other hand, from (|3.7ip . (|3.78p . f|T. 13|) and (|7.16p . we also obtain 

\9\ = \F \<p 2 + n- l X<p(t) 2 , \ Pk \ = \Z k \<np(t) 2 , k > 1. 

The proof of this proposition is divided into two lemmas: 



(7.12) 

(7.13) 
(7.14) 

(7.15) 
(7.16) 

(7.17) 
□ 
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Lemma 7.3 Suppose for some T > t{ that < 3. Then, t £ we have 

Mt)\\ LP <\[K G {t)+rJ^p(tf/\ 



V {3) (t) L2 <-[A L (t)+A 2 G + n- a p(tf + 5 8 (t)}. 

loc 

Proof. Recall [77] = e~ ie r]^ + e ie r] + . By (|33Tj) . 



r/±(t) = e^Sife) + /* e L (*- s )p ± {F L± + e=F* J[F]}(s)ds. (7.18) 



From (g3SD , (EOT]) . (I7TT6|) . (I7TT7D . (IQTj) and as in (jl^TD and (ITOj) . we get 

P+2 



II^±IIlp' + II^IIlp' < Cnp(t) 2 + o(i) MB 2 ■ 



(7.19) 



By LemmaEU 2±| > 2 and ||??||^ < o(l)np 2 



N±|| iP < A G (t) + / (t - s)-°'np{sfds 

< A G (t) + Crr\At)- a [At + t - ti]- a ' +a < A G (t) + o(l)n 7 / 9 p(t) 5 / 3 . 
Above we have used (I4.29D with a = a' — 5/6 > 7/18. So, we get 



I LP 



< 



+ 



I LP 



<2[A G (t)+n%) 5 / 3 ]. 



(7.20) 



To estimate r/ 3 ) in Lf oc , write r/ 3 ) = e ie rj^ + e ie r]^ with r^*" 1 = Y^j=i V±'j as i n f|3.53[l 
and (^621) . Using ([7TTT]) . ffTTTBj) . (fTTTTD and the argument of (j330l) and (IQ3]) '. we obtain 



,( 3 ) 



^ „(3) 



E|hS(*) r2 <AL(i) + Cn[p(t) 3 + p2 (t _ t , r 3/ 2] _ 
i=i 



"^loc 



(7.21) 



To estimate r/± 4, we write = 77^ 4 1 + 77^/4 2 with 

r?£ 3) 4 x(t) = f e L ^P±{F L ± + e^ e J[F -F 1 - K \ V \ 2 V ]}(s)ds, 

r)® A2 (t) = f e^P ± {e^ J[K\ V \ 2 r,}}(s)d S }. 

Note that {F L ± + e Tie J[F - Fi - |r/| 2 r?]} is localized and 

IfellzW + 11^ " ^1 - \v\ 2 4 L i nLP > < C[p(t) 3 + nA 2 G (t)}. 

So, we get 

^Ai^L ^ rmin{|t- S |- 3 / 2 ,|t- S |-'}[p( S ) 3 + nA G ( S )]d S 

loc •/ 

<C[/5(t) 3 + nA G (t)]. 



(7.22) 



(7.23) 
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As in (|6.44p . we have 



14 , , 10, 



\V\ 2 4 ,<o(l)\\ V \\i P <o(l)[A 2 G + n-p(t)n 



So, it follows as in (|6.45p that 



^i, 2 (*) T2 < o(iw G (t) + p(tf + mi 

L loc 



(7.24) 



(7.25) 



□ 



Collecting (17.2ip . (|7.23p . and (I7.25h . we obtain the second estimate of the lemma. 
Lemma 7.4 Suppose for some T > ti that Mij, < 3. Then, for t € we have 

z H (t) < 2p(t), \a(t)\ < 4Dp(t) 2 , n(T)/n(ti) G (^, |), Vfc > 1. (7.26) 

Proof. From (|7.14p and (|7.1ip . we can apply Lemma [3. 71 with = p(t). So, for each k > 1, 
we can find q k such that 



Qk 



^2 D kMl\ 2 Qk + YkQk + 9k, Wk-Pk\ < Cnp(tf 



l>l 



Moreover, Re(Y k ) = 0, ReD M < 



70" 



and 



,(3) 



+ x\. 



\g k \ <C[np{tf + n*p{t)\H\ L * + 

loc 

So, from CLUJ) and (j?Tl"6|) . we get 

\g k \ <o(l)n 2 p(t) 3 + Cnp(t)5 9 (t). 

Note that 

fU+n 3 

/ 5 9 (t)ds < o(l); 5 9 (i) < o(l)np(t) 2 Vt > tj + n~ 3 . 

By the argument in the proof of Lemma 14. 5( we obtain 

\z k {t)\<z H (t)<2p{t), Vte[U,T\. 
On the other hand, from Lemma 13.81 we have 

b = B ki \z k \ 2 \zi\ 2 + 56, |6 - b\ < Cnp 2 , 

" ,(3) 



fcJ>l 



ISfcl <C'[n 3 / ) 4 (t) + n 2 ||7 ? || i2 +n||r ? 3 || Ll + np 2 

l° c loc 

Again, by using (|7.13p and (|7.15p . we get 

\9b(s)\ < o(l)n 2 p(i) 4 + Cn,5 9 (i)[n5 9 + p(t) 2 ]. 
liT>t>ti + n -3 , we get 5 9 (t) < o(l)np(t) 2 . So, 



\9b{s)\ds < o(l) / n z p{sfds < o(l)p(t) 
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(7.27) 



(7.28) 

(7.29) 
(7.30) 

(7.31) 



(7.32) 



(7.33) 



For ti < t < min(n 3 ,T), we have |<#>(s)| < o(l)[n 2 p$ + n 2 po5g(s)] and, using (|7.30p . 

/ \9b(s)\ds < o(l) / ' [n 2 p 4 + n 2 Po 5 9 (s)]ds < o(l)p 2 ~ o(l)p{tf. (7.34) 

JU hi 

So, we get 

/ \g b \{s)ds < o{l)p{t) 2 , Vti<t<T. (7.35) 
hi 

From this and as in the proof of Lemma 14.51 we also get 

\a(t)\<ADp(t) 2 , »(T)/n(t,)€(|,|). (7.36) 

This completes the proof of Lemma 17.41 □ 
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